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Introduction 



Descent theory has a somewhat formidable reputation among algebraic ge- 
ometers. In fact, it simply says that under certain conditions homomorphisms be- 
tween quasi-coherent sheaves can be constructed locally and then glued together 
if they satisfy a compatibility condition, while quasi-coherent sheaves themselves 
can be constructed locally and then glued together via isomorphisms that satisfy 
a cocycle condition. 

Of course, if "locally" were to mean "locally in the Zariski topology" this 
would be a formal statement, certainly useful, but hardly deserving the name of 
a theory. The point is that "locally" here means locally in the flat topology; and 
the flat topology is something that is not a topology, but what is called a Grothen- 
dieck topology. Here the coverings are, essentially, flat surjective maps satisfying a 
finiteness condition. So there are many more coverings in this topology than in 
the Zariski topology, and the proof becomes highly nontrivial. 

Still, the statement is very simple and natural, provided that one resorts to the 
usual abuse of identifying the pullback {gf)*F of a sheaf F along the composite 
of two maps / and g with f*g*F. If one wants to be fully rigorous, then one has 
to take into account the fact that {gf)*F and f*g*F are not identical, but there is 
a canonical isomorphism between them, satisfying some compatibility conditions, 
and has to develop a theory of such compatibilities. The resulting complications 
are, in my opinion, the origin of the distaste with which many algebraic geometers 
look at descent theory (when they look at all). 

There is also an abstract notion of "category in which descent theory works"; 
the category of pairs consisting of a scheme and a quasi-coherent sheaf on it is an 
example. These categories are known as stacks. The general formalism is quite 
useful, even outside of moduli theory, where the theory of algebraic stacks has 
become absolutely central (see for example [DM69J, [Art74] and [LMBOOJ). 

These notes were born to accompany my ten lectures on Grothendieck topologies 
and descent theory in the Advanced School in Basic Algebraic Geometry that took place 
at I.C.T.P., 7-18 July 2003. They form the first part of the book Fundamental Alge- 
braic Geometry: Grothendieck' s FGA Explained, by Barbara Fantechi (SISSA), Lothar 
Gottsche (ICTP), Luc Illusie (Universite Paris-Sud), Steven L. Kleiman (MIT), Nitin 
Nitsure (Tata Institute of Fundamental Research), and Angelo Vistoli (Universita 
di Bologna), published by A.M.S.Q 



The online version, posted at the address |http : //homepage . sns . it/vlstoll/descent . pdf | 
will continue to evolve; at the very least, 1 will correct the errors that are pointed out to me. I hope 
that it will also grow with the addition of new material. 
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Their purpose is to provide an exposition of descent theory, more complete 
than the original (still very readable, and highly recommended) article of Groth- 
endieck ([Gro95l), or than fSGAl|. 1 also use the language of Grothendieck topolo- 
gies, which is the natural one in this context, but had not been introduced at the 
time when the two standard sources were written. 

The treatment here is slanted toward the general theory of fibered categories 
and stacks: so the algebraic geometer searching for immediate gratification will 
probably be frustrated. On the other hand, I find the general theory both interest- 
ing and applicable, and hope that at at least some of my readers will agree. 

Also, in the discussion of descent theory for quasi-coherent sheaves and for 
schemes, which forms the real reason of being of these notes, 1 never use the 
convention of identifying objects when there is a canonical isomorphism between 
them, but 1 always specify the isomorphism, and write down explicitly the neces- 
sary compatibility conditions. This makes the treatment rigorous, but also rather 
heavy (for a particularly unpleasant example, see i l4.3.3l l. One may question the 
wisdom of this choice; but 1 wanted to convince myself that a fully rigorous treat- 
ment was indeed possible. And the unhappy reader may be assured that this has 
cost more suffering to me than to her. 

All of the ideas and the results contained in these notes are due to Grothen- 
dieck. There is nothing in here that is not, in some form, either in BSGAll or in 
IISGA4 1, so 1 do not claim any originality at all. 

There are modern developments of descent theory, particularly in category 
theory (see for example |JT84|) and in non-commutative algebra and non-com- 
mutative geometry ([KR04a] and [KR04b]). One of the most exciting ones, for 
topologists as well as algebraic geometers, is the idea of "higher descent", strictly 
linked with the important topic of higher category theory (see for example [HSJ 
and IStri ). We will not discuss any of these very interesting subjects. 

Contents. In Chapter [T]l recall some basic notions in algebraic geometry and 
category theory. 

The real action starts in Chapter |2l Here first 1 discuss Grothendieck's phi- 
losophy of representable functors, and give one of the main illustrative examples, 
by showing how this makes the notion of group scheme, and action of a group 
scheme on a scheme, very natural and easy. All of algebraic geometry can be sys- 
tematically developed from this point of view, making it very clean and beautiful, 
and incomprehensible for the beginner (see [DG70J). 

In Section |Z31 1 define and discuss Grothendieck topologies and sheaves on 
them. I use the naive point of view of pretopologies, which 1 find much more intu- 
itive. However, the more sophisticated point of view using sieves has advantages, 
so 1 try to have my cake and eat it too (the Italian expression, more vivid, is "have 
my barrel full and my wife drunk") by defining sieves and characterizing sheaves 
in terms of them, thus showing, implicitly, that the sheaves only depend on the 
topology and not on the pretopology. In this section 1 also introduce the four main 
topologies on the category of schemes, Zariski, etale, fppf and fpqc, and prove 
Grothendieck's theorem that a representable functor is a sheaf in all of them. 

There are two possible formal setups for descent theory, fibered categories and 
pseudo-functors. The first one seems less cumbersome, so Chapter |3] is dedicated 
to the theory of fibered categories. However, here I also define pseudo-functors. 
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and relate the two points of view, because several examples, for example quasi- 
coherent sheaves, are more naturally expressed in this language. I prove some im- 
portant results (foremost is Yoneda's lemma for fibered categories), and conclude 
with a discussion of equivariant objects in a fibered category (I hope that some 
of the readers will find that this throws light on the rather complicated notion of 
equivariant sheaf). 

The heart of these notes is Chapter ID After a thorough discussion of descent 
data (I give several definitions of them, and prove their equivalence) I define the 
central concept, that of stack: a stack is a fibered category over a category with a 
Grothendieck topology, in which descent theory works (thus we see all the three 
notions appearing in the title in action). Then I proceed to proving the main the- 
orem, stating that the fibered category of quasi-coherent sheaves is a stack in the 
fpqc topology. This is then applied to two of the main examples where descent the- 
ory for schemes works, that of affine morphisms, and morphisms endowed with a 
canonical ample line bundle. I also discuss a particularly interesting example, that 
of descent along principal bimdles (torsors, in Grothendieck's terminology). 

In the last section I give an example to show that etale descent does not always 
work for schemes, and end by mentioning that there is an extension of the concept 
of scheme, that of algebraic space, due to Michael Artin. Its usefulness is that on one 
hand algebraic spaces are, in a sense, very close to schemes, and one can define for 
them most of the concepts of scheme theory, and on the other hand fppf descent 
always works for them. It would have been a natural topic to include in the notes, 
but this would have further delayed their completion. 

Prerequisites. I assume that the reader is acquainted with the language of 
schemes, at least at the level of Hartshorne's book ( IIHar77ll ). I use some concepts 
that are not contained in |Har77|, such as that of a morphism locally of finite pre- 
sentation; but I recall their main properties, with references to the appropriate 
parts of Elements degeometrie algebrique, in Chapter[TJ 

I make heavy use of the categorical language: I assume that the reader is ac- 
quainted with the notions of category, functor and natural transformation, equiv- 
alence of categories. On the other hand, I do not use any advanced concepts, nor 
do I use any real results in category theory, with one exception: the reader should 
know that a fully faithful essentially surjective functor is an equivalence. 

Acknowledgments. Teaching my course at the Advanced School in Basic Alge- 
braic Geometry has been a very pleasant experience, thanks to the camaraderie of 
my fellow lecturers (Lothar Gottsche, Luc lUusie, Steve Kleiman and Nitin Nit- 
sure) and the positive and enthusiastic attitude of the participants. I am also in 
debt with Lothar, Luc, Steve and Nitin because they never once complained about 
the delay with which these notes were being produced. 

I am grateful to Steve Kleiman for useful discussions and suggestions, particu- 
larly involving the fpqc topology, and to Pino Rosolini, who, during several hikes 
on the Alps, tried to enlighten me on some categorical constructions. 

I have had some interesting conversations with Behrang Noohi concerning the 
definition of a stack: I thank him warmly. 

I learned about the counterexample in ]Ray70 XII 3.2] from Andrew Kresch. 



I also thank the many participants to the school who showed interest in my 
lecture series, and particularly those who pointed out mistakes in the first version 
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of the notes. I am especially in debt with Zoran Skoda, who sent me several helpful 
comments, and also for his help with the bibliography. 

Joachim Kock read carefully most of this, and sent me a long list of comments 
and corrections, which were very useful. More corrections where provided by the 
referees, by Ms. Elaine Becker, from the A. M.S., by Luigi Previdi and by Henning 
Ulf arsson, who also found mistakes in the wording of Definition 12.521 and in the 
statement of Proposition 13.401 Alon Shapira f oimd a serious error in the proof of 
Lemma l2.60l I am grateful to them. 

Finally, I would like to dedicate these notes to the memory of my father-in-law, 
Amleto Rosolini, who passed away at the age of 86 as they were being completed. 
He would not have been interested in learning descent theory, but he was a kind 
and remarkable man, and his enthusiasm about mathematics, which lasted until 
his very last day, will always be an inspiration to me. 



CHAPTER 1 



Preliminary notions 

1.1. Algebraic geometry 

In this chapter we recall, without proof, some basic notions of scheme theory 
that are used in the notes. All rings and algebras will be commutative. 

We will follow the terminology of Elements de geonietrie algebrique, with the 
customary exception of calling a "scheme" what is called there a "prescheme" (in 
Elements de geometrie algebrique, a scheme is assumed to be separated). 

We start with some finiteness conditions. Recall if B is an algebra over the 
ring A, we say that B is finitely presented if it is the quotient of a polynomial ring 
A[xi, . . . , x„] over A by a finitely generated ideal. If A is noetherian, every finitely 
generated algebra is finitely presented. 

If B is finitely presented over A, whenever we write B = A[xi, . . . , x„]/ 1, I is 
always finitely generated in A[xi, . . .,x„] ( l,EGAIV-l[ Proposition 1.4.4]). 

Definition 1.1 (See IEGAIV-1[ 1.4.2]). A morphism of schemes /: X ^ Y is 
locally of finite presentation if for any x e X there are affine neighborhoods U of x 
in X and V oi f{x) in Y such that f{U) C V and 0{U) is finitely presented over 
OiV). 

Clearly, if Y is locally noetherian, then / is locally of finite presentation if and 
only if it is locally of finite type. 

Proposition 1.2 ( IIEGAIV-1[ 1.4]). 

(i) If f : X ^ Y is locally of finite presentation, U and V are open affine subsets ofX 
and Y respectively, and f{U) C V, then 0{U) is finitely presented over 0{V). 

(ii) The composite ofmorphisms locally of finite presentation is locally of finite presenta- 
tion. 

(iii) Given a cartesian diagram 

X' >X 



Y' > Y 

ifX^Y is locally of finite presentation, so is X' Y' . 

Definition 1.3 (See [EGAI 6.6.1]). A morphism of schemes X ^ Y is quasi- 
compact if the inverse image in X of a quasi-compact open subset of Y is quasi- 
compact. 

An affine scheme is quasi-compact, hence a scheme is quasi-compact if and 
only if it is the finite union of open affine subschemes; using this, it is easy to 
prove the following. 
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Proposition 1.4 ( IIEGAIi Proposition 6.6.4]). 

Let f: X ^ Y bea morphism of schemes. The following are equivalent. 

(i) / is quasi-compact. 

(ii) The inverse image of an open affine subscheme ofY is quasi-compact. 

(iii) There exists a covering Y = U,V^- by open affine subschemes, such that the inverse 
image in X of each Vi is quasi-compact. 

In particular, a morphism from a quasi-compact scheme to an affine scheme is quasi- 
compact. 

Remark 1.5. It is not enough to suppose that there is a covering of Y by open 
quasi-compact subschemes Vj, such that the inverse image of each V; is quasi- 
compact in X, without additional hypotheses. For example, consider a ring A that 
does not satisfy the ascending chain condition on radical ideals (for example, a 
polynomial ring in infinitely many variables), and set X = Spec A. In X there will 
be an open subset Lf that is not quasi-compact; denote by Y the scheme obtained 
by gluing two copies of X together along U, and by / : X — > Y the inclusion of one 
of the copies. Then Y and X are both quasi-compact; on the other hand there is an 
affine open subset of Y (the other copy of X) whose inverse image in X is U, so / 
is not quasi-compact. 

Proposition 1.6 ( IIEGAII 6.6]). 

(i) The composite of quasi-compact morphisms is quasi-compact. 

(ii) Given a cartesian diagram 

X' >X 



Y' > Y 

ifX^Y is quasi-compact, so is X' Y' . 

Let us turn to flat morphisms. 

Definition 1.7. A morphism of schemes f: X ^ Y is flat if for any x e X, 
the local ring Ox,x is flat as a module over Oyj^x)- 

Proposition 1.8 (lEG AIV-2i Proposition 2.1.2]). Let f: X ^ Y be a morphism 
of schemes. Then, the following are equivalent. 

(i) / is flat. 

(ii) for any x e X, there are affine neighborhoods U ofx in X and V of f{x) in Y such 
thatf{U) C V, and 0[U) is flat over 0[V). 

(iii) For any open affine subsets U in X and V in Y such that f{U) C V, 0{U) is flat 
overO{V). 

Proposition 1.9 ( IIEGAIV-21 2.1]). 

(i) The composite of flat morphisms is flat. 

(ii) Given a cartesian diagram 

X' ^X 



Y' > Y 

ifX Y is flat, so is X' Y' . 
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Definition 1.10. A morphism of schemes f: X ^ Y is faithfully flat if it is flat 
and surjective. 

Let B be an algebra over A. We say that B is faithfully flat if the associated 
morphism of schemes Spec B — > Spec A is faithfully flat. 

Proposition 1.11 ( IIMat891 Theorems 7.2 and 7.3]). Let B be an algebra over A. 
The following are equivalent. 

(i) B is faithfully flat over A. 

(ii) A sequence of A-modules M' ^ M ^ M" is exact if and only if the induced 
sequence of B-modules M' B ^ M ®^ B M" B is exact. 

(iii) A homomorphism of A-modules M' ^ M is injective if and only if the associated 
homomorphism of B-modules M' ®a B ^ M 0^ B is injective. 

(iv) B is flat over A, and if M is a module over A with M 6 = 0, ive have M = 0. 

(v) B is flat over A, and mB ^ Bfor all maximal ideals mof A. 

The following fact is very important. 

Proposition 1.12 ( IEGAIV-21 Proposition 2.4.61). Aflat morphism that is lo- 
cally of finite presentation is open. 

This is not true in general for flat morphisms that are not locally of finite pre- 
sentation; however, a weaker version of this fact holds. 

Proposition 1.13 ( IIEGAIV-2[ CoroUaire 2.3.121). ///: X ^ Y is a faithfully 
flat quasi-compact morphism, a subset ofY is open if and only if its inverse image in X is 
open in X. 

In other words, Y has the topology induced by that of X. 

Remark 1.14. For this we need to assume that / is quasi-compact, it is not 
enough to assume that it is faithfully flat. For example, let Y be an integral smooth 
curve over an algebraically closed field, X the disjoint union of the Spec Oy^y over 
all closed points y £ Y. The natural projection / : X — > Y is clearly flat. However, 
if S is a subset of Y containing the generic point, then /^^S is always open in X, 
while S is open in Y if and only if its complement is finite. 

Proposition 1.15 ( l|EGAIV-2[ Proposition 2.7.1]). Let 

X' ^X 



Y' > Y 

be a cartesian diagram of schemes in which Y' ^ Y is faithfully flat and either quasi- 
compact or locally of finite presentation. Suppose that X' Y' has one of the following 
properties: 

(i) is separated, 

(ii) is quasi-compact, 

(iii) is locally of finite presentation, 

(iv) is proper, 

(v) is affine, 

(vi) is finite, 

(vii) isflat. 
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(viii) is smooth, 

(ix) is unmmified, 

(x) is etale, 

(xi) is an embedding, 

(xii) is a closed embedding. 

Then X — > Y has the same property. 

In IEGAIV-21 all these statements are proved when Y' ^ Y is quasi-compact. 
Using Proposition ll.l2[ and the fact that all those properties are local in the Zariski 
topology of Y, it is not hard to prove the statement also when Y' ^ Y is locally of 
finite presentation. 

1.2. Category theory 

We will assume that the reader is familiar with the concepts of category, func- 
tor and natural transformation. The standard reference in category theory, con- 
taining a lot more than what we need, is IML98I ; also very useful are l,Bor94a.l , 
llBor94bl and IBor94cl . 

We will not distinguish between small and large categories. More generally, 
we will ignore any set-theoretic difficulties. These can be overcome with standard 
arguments using universes. 

If F: A ^ ;B is a functor, recall that f is called fully faithful when for any two 
objects A and A' of A, the function 

Hom^(A,A') — > Home (FA, FA') 

defined by F is a bijection. F is called essentially surjective if every object of B is 
isomorphic to the image of an object of A. 

Recall also that F is called an equivalence when there exists a functor G: B ^ A, 
such that the composite GF : ^ — > ^ is isomorphic to id_4, and FG : B ^ B is 
isomorphic to idg. 

The composite of two equivalences is again an equivalence. In particular, "be- 
ing equivalent" is an equivalence relation among categories. 
The following well-known fact will be used very frequently. 

Proposition 1.16. A functor is an equivalence if and only if it is both fully faithful 
and essentially surjective. 

If A and B are categories, there is a category Hom(^, whose objects are 
functors O : A ^ B, and whose arrows a : <1> ^ Y are natural transformations. If 
F: A' ^ A\s a functor, there is an induced functor 

F*: Hom(Ai3) — yllom{A',B) 

defined at the level of objects by the obvious rule 

F*0 = OoF: A' — >B 
for any functor <I> : A ^ B. At the level of arrows F* is defined by the formula 

(F*a)^, = af^, : OFA' — > YFA' 

for any natural transformation a : <1> — > Y. 

Also for any functor F : B ^ B' we get an induced functor 

F*: Hom(AS) — ^Hom(A'B') 
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obtained by the obvious variants of the definitions above. 

The reader should also recall that a groupoid is a category in which every arrow 
is invertible. 

We will also make considerable use of the notions of fibered product and carte- 
sian diagram in an arbitrary category. We will manipulate some cartesian dia- 
grams. In particular the reader will encoimter diagrams of the type 

A' ^ B' > C 

A > B > C; 

we will say that this is cartesian when both squares are cartesian. This is equivalent 
to saying that the right hand square and the square 

A' >C' 

A >C, 

obtained by composing the rows, are cartesian. There will be other statements of 
the t5^e "there is a cartesian diagram . . . ". These should all be straightforward to 
check. 

For any category C and any object X of C we denote by (C/X) the comma cat- 
egory, whose objects are arrows li — > X in C, and whose arrows are commutative 
diagrams 

U >V 

\ ^ 
X 

We also denote by C°P the opposite category of C, in which the objects are the 
same, and the arrows are also the same, but sources and targets are switched. A 
contravariant functor from C to another category P is a functor C°P V. 

Whenever we have a fibered product Xi x y X2 in a category, we denote by 
prj : Xi Xy X2 ^ Xx and pr2 : Xi Xy X2 ^ X2 the two projections. We will also 
use a similar notation for the product of three or more objects: for example, we 
will denote by 

pr,- : Xi Xy X2 Xy X3 — > Xi 

the projection, and by 

pr^y: Xi Xy X2 Xy X3 > Xi XyXj 

the projection into the product of the i"^ and factor. 

Recall that a category has finite products if and only if it has a terminal object 
(the product of objects) and products of two objects. 

Suppose that C and V are categories with finite products; denote their terminal 
objects by pt^ and pt^,. A fxmctor F: C ^ V is said to preserve finite products if the 
following holds. Suppose that we have objects Ui, fir of C: the projections Ui x 
■ ■ ■ X Ur ^ Ui induce arrows F{Ui x • • • x Ur) — > F!i;. Then the corresponding 
arrow 

f (Ui x---xUr) — yFUiX---xFUr 
is an isomorphism in C. 
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If /i : Ui ^ Vi, fr'. Ur Vr are arrows in C, the diagram 
F{Ui x---xUr) > f Ui X • • • X FUr 



F{fiX-xfr) 



FfiX---xFfr 



F{Vi X---xVr) 



^FViX---xFVr 



in which the horizontal arrows are the isomorphism defined above, obviously 
commutes. 

By a simple induction argument, F preserves finite products if and only if 
f pt^ is a terminal object of V, and for any two objects LI and V oi C the arrow 
F{U X V) FU X FV is an isomorphism (in other words, for F to preserve finite 
products it is enough that it preserves products of and 2 objects). 

Finally, we denote by (Set) the category of sets, by (Top) the category of 
topological spaces, (Grp) the category of groups, and by (Sch/S) the category 
of schemes over a fixed base scheme S. 



CHAPTER 2 



Contravariant functors 



2.1. Representable functors and the Yoneda Lemma 

2.1.1. Representable functors. Let us start by recalling a few basic notions of 
category theory. 

Let C be a category. Consider functors from C°P to (Set). These are the objects 
of a category, denoted by 

Hom(C°P, (Set)), 

in which the arrows are the natural transformations. From now on we will refer to 
natural transformations of contravariant ftmctors on C as morphisms. 
Let X be an object of C. There is a functor 

hx: C"P — > (Set) 

to the category of sets, which sends an object Ji of C to the set 

hx!i = Homc(iJ,X). 

If a: W — > LZ is an arrow in C, then hxa: hxU ^ hxLZ' is defined to be compo- 
sition with a. (When C is the category of schemes over a fixed base scheme, hx is 
often called the functor of points ofX) 

Now, an arrow /: X — > Y yields a function h^U: hx!i ^ hylJ for each object 
U of C, obtained by composition with /. This defines a morphism hx hy, that 
is, for all arrows a : LZ' — > U the diagram 

hxU— ^hyU 



hfU' 



hyX 



hxW —^hyW 
commutes. 

Sending each object X of C to hx, and each arrow / : X ^ Y of C to hy : hx — » 
hy defines a functor C Hom(C°P, (Set)) . 

Yoneda Lemma (weak version). Let X and Y be objects ofC. The function 

Homc(X,Y) — >Hom(hx,hy) 

that sends f : X ^ Y tohf : hx ^ hy is bijective. 

In other words, the functor C -> Hom(C°P, (Set)) is fully faithful. It fails to 

be an equivalence of categories, because in general it will not be essentially sur- 
jective. This means that not every functor C°P (Set) is isomorphic to a functor 
of the form hx. However, if we restrict to the full subcategory of Hom(C°P, (Set)) 
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consisting of functors C°P (Set) which are isomorphic to a functor of the form 
hx, we do get a category which is equivalent to C. 

Definition 2.1. A representable functor on the category C is a functor 

F: C°P — y (Set) 

which is isomorphic to a functor of the form hx for some object X of C. 
If this happens, we say that F is represented by X. 

Given two isomorphisms F ~ hx and F hy, we have that the resulting 
isomorphism hx ^ hy comes from a unique isomorphism X ~ Y in C, because of 
the weak form of Yoneda's lemma. Hence two objects representing the same functor 

are canonically isomorphic. 

2.1.2. Yoneda's lemma. The condition that a fimctor be representable can be 
given a new expression with the more general version of Yoneda's lemma. Let X 
be an object of C and F: C°P (Set) a functor. Given a natural transformation 
T : hx ^ F, one gets an element f G FX, defined as the image of the identity map 
idx G hxX via the function tx : hxX FX. This construction defines a fimction 
Hom(hx,F) ^ FX. 

Conversely, given an element ^ G FX, one can define a morphism t: hx ^ F 
as follows. Given an object U of C, an element of hxii is an arrow / : U ^ X; this 
arrow induces a function F/ : FX FU. We define a fimction Tu'.hxU^ FU by 
sending / G h-xU to F/(^) G FU. It is straightforward to check that the t that we 
have defined is in fact a morphism. In this way we have defined fimctions 

Hom(hx,F) — yFX 

and 

FX — >Hom(hx,F). 

YONEDA LEMMA. These two functions are inverse to each other, and therefore es- 
tablish a bijective correspondence 

Hom(hx,F) ~ FX. 

The proof is easy and left to the reader. Yoneda's lemma is not a deep fact, but 
its importance cannot be overestimated. 

Let us see how this form of Yoneda's lemma implies the weak form above. 
Suppose that F — hy: the fimction Hom(X, Y) — hyX Hom(hx,hy) con- 
structed here sends each arrow / : X — > Y to 

hy/(idy)=idyo/:X^Y, 

so it is exactly the function Hom(X, Y) — > Hom(hx,hy) appearing in the weak 
form of the result. 

One way to think about Yoneda's lemma is as follows. The weak form says 
that the category C is embedded in the category Hom(C°P, (Set)) . The strong ver- 
sion says that, given a functor F: C°P (Set), this can be extended to the rep- 
resentable functor hf : Hom(C°P,(Set))°'' (Set): thus, every functor becomes 
representable, when extended appropriately. (In practice, the functor category 
Hom(C°P, (Set)) is usually much too big, and one has to restrict it appropriately.) 

We can use Yoneda's lemma to give a very important characterization of rep- 
resentable functors. 
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Definition 2.2. Let F: C°P (Set) be a functor. A universal object for F is a 
pair (X, ^) consisting of an object X of C, and an element ^ G FX, with the property 
that for each object LI of C and each cr E FU, there is a unique arrow /: U ^ X 
such that F/(^) =creFU. 

In other words: the pair (X, ^) is a universal object if the morphism hx — > F 
defined by ^ is an isomorphism. Since every natural transformation hx — >• F is 
defined by some object f G FX, we get the following. 

Proposition 2.3. A functor F: C°p ^ (Set) is representable if and only if it has a 
universal object. 

Also, if F has a universal object (X, ^), then F is represented by X. 

Yoneda's lemma ensures that the natural functor C — > Hom(C"P, (Set)) which 
sends an object X to the functor hx is an equivalence of C with the category of 
representable functors. From now on we will not distinguish between an object 
X and the functor hx it represents. So, if X and U are objects of C, we will write 
X(LJ) for the set hxLf = Homc((J, X) of arrows U ^ X. Furthermore, if X is an 
object and F : C°P (Set) is a functor, we will also identify the set Hom(X, F) — 
Hom(hx, F) of morphisms from hx to F with FX. 

2.1.3. Examples. Here are some examples of representable and non-represent- 
able functors. 

(i) Consider the fimctor P: (Set)°P — > (Set) that sends each set S to the set P(S) 
of subsets of S. If /: S — > T is a fxmction, then P(/) : P(T) — > P(S) is defined 
by P(/)t = f-^T for all T C T. 

Given a subset cr C S, there is a imique function Xa- S ^ {0,1} such that 
/Ccr ^ ({!}) — namely the characteristic function, defined by 



Hence the pair ({0, 1}, {1}) is a universal object, and the fimctor P is repre- 
sented by {0, 1}. 

(ii) This example is similar to the previous one. Consider the category (Top) of 
all topological spaces, with the arrows being given by continuous functions. 
Define a functor F: (Top)°P (Set) sending each topological space S to 
the collection F(S) of all its open subspaces. Endow {0, 1} with the coarsest 
topology in which the subset {1} C {0, l}is open; the open subsets in this 
topology are 0, {1} and {0,1}. A function S {0,1} is continuous if and 
only if /~^({1}) is open in S, and so one sees that the pair ({0, 1}, {1}) is a 
universal object for this functor. 

The space {0, 1} is called the Sierpinski space. 

(iii) The next example may look similar, but the conclusion is very different. Let 
(HausTop) be the category of all Hausdorff topological spaces, and consider 
the restriction F : (HausTop)°P (Set) of the fimctor above. 1 claim that this 
functor is not representable. 

In fact, assxraie that (X, ^) is a universal object. Let S be any set, con- 
sidered with the discrete topology; by definition, there is a unique function 
/: S ^ X with /^^^ = S, that is, a unique function S ^ ^. This means 
that ^ can only have one element. Analogously, there is a unique function 
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S — s- X\^, soX\^ also has a unique element. But this means that X is a 
Hausdorff space with two elements, so it must have the discrete topology; 
hence ^ is also closed in X. Hence, if S is any topological space with a closed 
subset a that is not open, there is no continuous function f:S^X with 

(iv) Take (Grp) to be the category of groups, and consider the functor 

Sgr: (Grp)°P — > (Set) 

that associates with each group G the set of all its subgroups. If /: G — > H 
is a group homomorphism, we take Sgr / : Sgr H Sgr G to be the function 
associating with each subgroup of H its inverse image in G. 

This is not representable: there does not exist a group T, together with a 
subgroup Fi C T, with the property that for all groups G with a subgroup 
Gi C G, there is a unique homomorphism /: G — > F such that f^^Ti — Gi. 
This can be checked in several ways; for example, if we take the subgroup 
{0} C Z, there should be a unique homomorphism /: Z ^ F such that 
f~^Ti — {0}. But given one such /, then the homomorphism Z — > F defined 
by n f{2n) also has this property, and is different, so this contradicts 
uniqueness. 

(v) Here is a much more sophisticated example. Let (Hot) be the category of CW 
complexes, with the arrows being given by homotopy classes of continuous 
functions. If n is a fixed natural number, there is a functor H" : (Hot)°P 
(Set) that sends a CW complex S to its 7t* cohomology group H" (S, Z) . Then 
it is a highly nontrivial fact that this functor is represented by a CW complex, 
known as a Eilenberg-Mac Lane space, usually denoted by K(Z, n). 

But we are really interested in algebraic geometry, so let's give some examples 
in this context. Let S = Spec R (this is only for simplicity of notation, if S is not 
affine, nothing substantial changes). 

Example 2.4. Consider the affine line Ag = SpecK[x]. We have a fxmctor 

O: (Sch/S)°P — > (Set) 

that sends each S-scheme U to the ring of global sections 0{U). If f: U— > V iaa 
morphism of schemes, the corresponding function 0{V) —> C(Lr) is that induced 
by/«: Ov^f*Ou. 

Then x G 0{Al), and given a scheme U over S, and an element / 6 0(11), 
there is a unique morphism U Ag such that the puUback of x to LT is precisely 
/. This means that the fimctor O is represented by Ag, and the pair (Ag, x) is a 
universal object. 

More generally, the affine space Ag represents the fimctor O" that sends each 
scheme S to the ring C(S)". 

Example 2.5. Now we look at Gin,s = \ Os = Spec R[x, Here by Og 
we mean the image of the zero-section S — > Ag. Now, a morphism of S-schemes 
U Gm^s is determined by the image of x e O(Gm^s) ii^ C'(S); therefore Gm,s 
represents the fimctor O* : (Sch/S)°P (Set) that sends each scheme Lf to the 
group 0*{U) of invertible sections of the structure sheaf. 

A much more subtle example is given by projective spaces. 
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Example 2.6. On the projective space Pg = Proj R[xq, . . . , x„] there is a line 
bundle 0{1), with « + 1 sections xq, . . . , x„, which generate it. 
Suppose that Lf is a scheme, and consider the set of sequences 

(£,so,. . .,s„), 

where £ is an invertible sheaf on LI, sq, . . . , s„ sections of £ that generate it. We say 
that [C,sq, . . . ,Sn) is equivalent to (£', Sg, . . . , sj,) if there exists an isomorphism 
of invertible sheaves (p: C carrying each s, into s'-. Notice that, since the s, 

generate £, if (p exists then it is unique. 

One can consider a function Q,, : (Sch/S) (Set) that associates with each 
scheme U the set of sequences {C,sq, . . . ,s„) as above, modulo equivalence. If 
/: U y is a morphism of S-schemes, and (£, sq, . . . ,s„) G QniV), then there 
are sections /*so, /*s„ of /*£ that generate it; this makes Q„ into a functor 
(Sch/S)°P ^ (Set). 

Another description of the functor Q„ is as follows. Given a scheme U and a 
sequence (£, sg, . . . , s„) as above, the s, define a homomorphism O'^^ £, and 
the fact that the s, generate is equivalent to the fact that this homomorphism is 
surjective. Then two sequences are equivalent if and only if the represent the same 
quotient of Og . 

It is a very well-known fact, and, indeed, one of the cornerstones of alge- 
braic geometry, that for any sequence (£, sq, . . . , s„) over an S-scheme U, there 
it exists a unique morphism / : (J — > Pg such that (£, Sq, . . . , s„) is equivalent to 
{f*0{l),f*xo, . . .,f*x„). This means precisely that Pg represents the functor Qn- 

Example 2.7. This example is an important generalization of the previous 

one. 

Here we will let S be an arbitrary scheme, not necessarily affine, Ai a quasi- 
coherent sheaf on S. In Grothendieck's notation, n: P(A^) ^ S is the relative 
homogeneous spectrum Projg Sym^^ Ai of the symmetric sheaf of algebras of Ai 
over 0$. Then on P(A1) there is an invertible sheaf, denoted by Cp(y^)(l), which 
is a quotient of n* JV[. This is a universal object, in the sense that, given any S- 
scheme <p: U — > S, with an invertible sheaf £ and a surjection a.: (p*A4 £, 
there is unique morphism of S-schemes /: U — > P(A^), and an isomorphism of 
O^-modules a : C f* Cpfy^-j (1 ), such that the composite 

is the pullback of the projection n*M Cp(_v()(l) ( lEGAII Proposition 4.2.3]). 

This means the following. Consider the functor Qj^ : (Sch/ S)°P (Set) that 
sends each scheme (p: U ^ S over S to the set of all invertible quotients of the 
pullback (p*A4. If f: V ^ Lf is a morphism of S-schemes from cp: U S to 
ip: V ^ S, and a. : (p*M ^ £ is an object of QmW' then 

fa: ip*£ ~ ffM » f*C 

is an object of Qm{^)'- this defines the pullback Qx(LI) Qm{^)- Then this 
functor is represented by P(A^). 

When M — Cg+^, we recover the functor Q„ of the previous example. 

Example 2.8. With the same setup as in the previous example, fix a positive 
integer r. We consider the fimctor (Sch/ S)°P ^ (Set) that sends each ^: U ^ S to 
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the set of quotients of (p*^A that are locally free of rank r. This is also representable 
by a scheme G{r,M) S. 

Finally, let us a give an example of a functor that is not representable. 

Example 2.9. This is very similar to Example l|iiHl of i l2.1.3l Let k be a field, 
(Sch/K) the category of schemes over k. Consider the functor F: (Sch/K:)°P — > 
(Set) that associates with each scheme U over k the set of all of its open subsets; 
the action of F on arrows is obtained by taking inverse images. 

I claim that this functor is not representable. In fact, suppose that it is repre- 
sented by a pair (X, ^), where X is a scheme over k and ^ is an open subset. We can 
consider ^ as an open subscheme of X. If LI is any scheme over k, a morphism of 
K-schemes Li ^ ^ is a morphism of K-schemes U ^ X whose image is contained 
in ^; by definition of X there is a unique such morphism, the one corresponding to 
the open subset U, considered as an element of FLL. Hence the fimctor represented 
by the K-scheme f is the one point functor, sending any K-scheme LL to a set with 
one element, and this is represented by Spec ^. Hence ^ is isomorphic to Spec k as 
a K-scheme; this means that ^, viewed as an open subscheme of X, consists of a 
unique K-rational point of X. But a K-rational point of a K-scheme is necessarily a 
closed point (this is immediate for affine schemes, and follows in the general case, 
because being a closed subset of a topological space is a local property). So ^ is also 
closed; but this would imply that every open subset of a K-scheme is also closed, 
and this fails, for example, for \ {0} C AJ.. 

Remark 2.10. There is a dual version of Yoneda's lemma, which will be used 
in il3.2.1l Each object X of C defines a functor 

Homc(X,-): C — > (Set). 

This can be viewed as the fimctor hx: (C°P)°P — > (Set); hence, from the usual 
form of Yoneda's lemma applied to C°P for any two objects X and Y we get a 
canonical bijective correspondence between Homc(X, Y) and the set of natural 
transformations Homc(Y, — ) — > Homc(X, — ). 

2.2. Group objects 

In this section the category C will have finite products; we will denote a termi- 
nal object by pt. 

Definition 2.11. A group object of C is an object G of C, together with a functor 
Qop _^ (Grp) into the category of groups, whose composite with the forgetful 
functor (Grp) (Set) equals hg. 

A group object in the category of topological spaces is called a topological group . 
A group object in the category of schemes over a scheme S is called a group scheme 
over S. 

Equivalently: a group object is an object G, together with a group structure 
on G(LJ) for each object U of C, so that the function /* : G{V) G{U) associated 
with an arrow / : Lf ^ V in C is always a homomorphism of groups. 

This can be restated using Yoneda's lemma. 

Proposition 2.12. To give a group object structure on an object G of C is equiv- 
alent to assigning three arrows m^ : G x G ^ G (the multiplication), iq: G ^ G (the 
inverse), and ec : pt ^ G (the identity), such that the following diagrams commute. 
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(i) The identity is a left and right identity: 

pt X G — — ^ GxG and G x pt ; G x G 





(ii) Multiplication is associative: 



GxGxG — - — ^GxG 



idc xmc 



GxG 

(iii) T/re inverse is a left and right inverse: 



-4G 




> G X G and G > GxG 



pt 



-4G 



Proof. It is immediate to check that, if C is the category of sets, the commu- 
tativity of the diagrams above gives the usual group axioms. Hence the result 
follows by evaluating the diagrams above (considered as diagrams of functors) at 
any object LT of C. 4|k 

Thus, for example, a topological group is simply a group, that has a structure 
of a topological space, such that the multiplication map and the inverse map are 
continuous (of course the map from a point giving the identity is automatically 
continuous). 

Let us give examples of group schemes. 

The first examples are the schemes Ag — > S; these represent the functor O" 
sending a scheme JJ ^ S to the set C)(JJ)", which has an evident additive group 
structure. 

The group scheme Ag is often denote by Ga,s- 

Also, Gm,s = \ Os represents the functor O* : (Sch/S)°P (Set), that 
sends each scheme !J — > S to the group 0*{U); this gives Gin,s an obvious struc- 
ture of group scheme. 

Now consider the functor (Sch/S)°P — > (Set) that sends each scheme U ^ S 
to the set M„(C(!J)) of n x n matrices with coefficients in the ring 0{U). This 

is obviously represented by the scheme M„ s = A'f. Consider the determinant 
mapping as morphism of schemes det: M„^s ~^ denote by GL„ s the inverse 
image of the open subscheme s ^ ^s- Th^ri GL„ 5 is an open subscheme of 
M„ s; the functor it represents is the functor sending each scheme U ^ S to the set 
of matrices in M„ [0{U)) with invertible determinants. But these are the invertible 
matrices, and they form a group. This gives GL„ s the structure of a group scheme 
on S. 

There are various subschemes of GL„ 5 that are group schemes. For example, 
SL„^S/ the inverse image of the identity section Is: S ^ G^^s via the morphism 
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det: GL„ 5 s represents the functor sending each scheme U ^ S to the 

group SL(C'(!J)) of n x n matrices with determinant 1. 

We leave it to the reader to define the orthogonal group scheme 0„^s arid th^ 
symplectic group scheme Sp^ g. 

Definition 2.13. If G and H are group objects, we define a homomorphism of 
group objects as an arrow G — > H in C, such that for each object U of C the induced 
function G(LJ) ^ H(Lr) is a group homomorphism. 

Equivalently, a homomorphism is an arrow / : G — > H such that the diagram 

G X G — ^G 

fxf 



HxH — 



commutes. 



The identity is obviously a homomorphism from a group object to itself. Fur- 
thermore, the composite of homomorphisms of group objects is still a homomor- 
phism; thus, group objects in a fixed category form a category, which we denote 
byGrp(C). 

Remark 2.14. Suppose that C and V are categories with products and ter- 
minal objects pt^ and pt-p. Suppose that F: C — > I? is a functor that preserves 
finite products, and G is a group object in C. The arrow ec : pi^ G yields an 
arrow Fee : Fpt^ FG; this can be composed with the inverse of the unique 
arrow Fpt^ — > ptj,, which is an isomorphism, because Fpt^ is a terminal object, 
to get an arrow epc ■ ptp FG. Analogously one uses Fmg : F(G x G) — > FG 
and the inverse of the isomorphism F(G x G) c± FG x FG to define an arrow 

mf G • FG X FG FG. Finally we set ipc = F^g '■ FG FG. 

We leave it to the reader to check that this gives FG the structure of a group 
object, and this induces a functor from the category of group objects on C to the 
category of group objects on V. 

2.2.1. Actions of group objects. There is an obvious notion of left action of a 

functor into groups on a functor into sets. 

Definition 2.15. A left action a of a functor G: C°p (Grp) on a functor 
F : C°P — > (Set) is a natural transformation G x F ^ F, such that for any object U 
of C, the induced ftmction G{U) x F{U) — > F{U) is an action of the group G(U) 
on the set F(!J). 

In the definition above, we denote by G x F the functor that sends an object 
U of C to the product of the set underlying the group GU with the set FU. In 
other words, G x F is the product G x F, where G is the composite of G with the 
f orgetf ul fxmctor (Grp) (Set). 

Equivalently, a left action of G on F consists of an action of G{U) on F{U) for 
all objects U of C, such that for any arrow /: U ^ V inC, any g e G{V) and any 
X e F(y) we have 

f*g-f*x=r{g-x)eF{U). 
Right actions are defined analogously. 
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We define an action of a group object G on an object X as an action of the 
functor he: C°P (Grp) onhx: C°P ^ (Set). 

Again, we can reformulate this definition in terms of diagrams. 

Proposition 2.16. Giving a left action of a group object G on an object X is equiv- 
alent to assigning an arrow a: G x X ^ X, such that the following two diagrams com- 
mute. 

(i) The identity ofG acts like the identity on X: 

ecxidx 



pt X X- 



>G X X 




(ii) The action is associative with respect to the multiplication on G: 

G X G X X — - — ^G X X 



idcxa 



G X X 



-4X 



Proof. It is immediate to check that, if C is the category of sets, the commu- 
tativity of the diagram above gives the usual axioms for a left action. Hence the 
result follows from Yoneda's lemma by evaluating the diagrams above (consid- 
ered as diagrams of functors) on any object LT of C. 4 

Definition 2.17. Let X and Y be objects of C with an action of G, an arrow 
/: X —> Y is called G-equivariant if for all objects LT of C the induced fimction 
X{U) Y{U) is G(U)-equivariant. 

Equivalently, / is G-equivariant if the diagram 

G X X >X 



idcx/ 



/ 



G X Y- 



Y 

where the rows are given by the actions, commutes (the equivalence of these two 
definitions follows from Yoneda's lemma). 

There is yet another way to define the action of a functor G: C°P (Grp) 
on an object X of C. Given an object U of C, we denote by End(j(iJ x X) the set 
of arrows !J x X — > U x X that commute with the projection pr;^ : U x X — > U; 
this set has the structure of a monoid, the operation being the composition. In 
other words, End(j(Lr x X) is the monoid of endomorphisms of pr^^ : JJ x X — > JJ 
considered as an object of the comma category (C/U). We denote the group of 
automorphisms in Endu{U x X) by Autu{U x X). 

Let us define a functor 



Autc(X): C°P — > (Grp) 

sending each object Lf of C to the group Aut^^ (X) ( Lf ) = 
Autc(X)(pt) is canonically isomorphic to Autc(X). 



Autu(Lf X X). The group 
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Consider an arrow / : U — > V in C; with this we need to associate a group 
homomorphism /* : Auty(y x X) ^ Autu(U x X). The diagram 



UxX 



fxidx 



> y X X 



u- 



f 



is cartesian; hence, given an arrow [i: V x X — 
arrow a: UxX^UxX making the diagram 



fxidx 




y X X over V, there is a unique 



-> y x X 



^ /xidx 

U xX- >V X X 



Ph 



f 



P^i 



-> V 



commute. This gives a function from the set Endy (V x X) to End^f (U x X), which 
is easily checked to be a homomorphism of monoids (that is, it sends the identity 
to the identity, and it preserves composition). It follows that it restricts to a homo- 
morphism of groups /* : Auty(y x X) — > Auty(U x X). This gives Autc (X) the 
structure of a functor. 

This construction is a very particular case of that of Section l3l7l 

Proposition 2.18. Let G: C°p (Grp) a functor, X an object of C. To give 
an action of G on X is equivalent to giving a natural transformation G — > Aut^ ^fX) of 
functors C°P (Grp). 

Proof. Suppose that we are given a natural transformation G Aut(^(X). 
Then for each object Lf of C we have a group homomorphism G{U) ^ Aut(i(Lr x 
X). The set X({J) is in bijective correspondence with the set of sections U ^ U x X 
to the projection pr j : LT x X — > Lf, and ifsrJJ^LTxXisa section, a G Aut(j ( LT x 
X), then aos: U ^ LTxXis still a section. This induces an action of Autfj {UxX) 
on X(Lr), and, via the given homomorphism G(LZ) ^ Aut(j(LI x X), also an action 
of G(JJ) on X{U). It is easy to check that this defines an action of G on X. 

Conversely, suppose that G acts on X, let U be an object of C, and g E G{U). 
We need to associate with g an object of 

Autc(X)(iJ) = AutuiU X X). 

We will use Yoneda's lemma once again, and consider LT x X as a functor LT x 
X: (C/!J)°P — > (Set). For each arrow V ^ U in C there is a bijective correspon- 
dence between the set X{V) and the set of arrows V ^ U x X inC/U, obtained 
by composing an arrow V ^ U x X with the projection prj : LI x X — > X. Now 
we are given an action of G{V) on X{V), and this induces an action of G{V) on 
Hom((;/(jj(y, U x X) = (LI X X)(y). The arrow V ^ U induces a group homo- 
morphism G{U) —>■ G{V), so the element g G G{U) induces a permutation of 
{U X X) (V) . There are several things to check: all of them are straightforward and 
left to the reader as an exercise. 
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(i) This construction associates with each g an automorphism of the functor U x 
X, hence an automorphism oiU x Xin {C /U). 

(ii) The resulting function G{U) ^ Aut r(X)(U) is a group homomorphism. 

(iii) This defines a natural transformation G Aut ^(X). 

(iv) The resulting functions from the set of actions of G on X and the set of natural 
transformations G Aut ^(X) are inverse to each other. ^ 

2.2.2. Discrete groups. There is a standard notion of action of a group on an 
object of a category: a group T acts on an object X of C when there is given a group 
homomorphism F Autc(X). With appropriate h5^otheseas, this action can be 
interpreted as the action of a discrete group object on X. 

In many concrete cases, a category of geometric objects has objects that can be 
called discrete. For example in the category of topological spaces we have discrete 
spaces: these are spaces with the discrete topology, or, in other words, disjoint 
unions of points. In the category (Sch/ S) of schemes over S an object should be 
called discrete when it is the disjoint union of copies of S. In categorical terms, a 
disjoint union is a coproduct; thus a discrete object of (Sch/ S) is a scheme U over 
S, with the property that the functor Hom5( LI, —) : (Sch/S) — > (Set) is the product 
of copies of Horns (S, — ) . 

Definition 2.19. Let C be a category. We say that C has discrete objects if it has 
a terminal object pt, and for any set I the coproduct JJiei exists. 

An object of C that is isomorphic to one of the form L[,g/ pt for some set I is 
called a discrete object. 

Suppose that C has discrete objects. If / and / are two sets and <p: 1 ^ J is 
a function, we get a collection of arrows pt U/e/pt parametrized by 1: with 
each i G / we associate the tautological arrow pt — > Ujgjpt corresponding to the 
element (p{i) E J. In this way we have defined an arrow 

'p* - LIpt^LJpt- 

iel je] 

It is immediate to check that if ^ : I ^ } and xp: ] ^ K are functions, we have 

{ip o (p).^, = }p^o^^: ]Jpt > W pt. 

iel keK 

In this way we have defined a fimctor A : (Set) — > C that sends a set / to LI,g7 pt. 
This is called the discrete object functor. By construction, it is a left adjoint to the 
functor Homc(pt, — ). Recall that this means that for every set I and every object 
LI of C one has a bijective correspondence between Homc(AZ, U) and the set of 
functions / — > Hom(^(pt, U); furthermore this bijective correspondence is functo- 
rial in / and U. 

Conversely, if we assume that C has a terminal object pt, and that A : (Set) C 
is a left adjoint to the functor Hom(j (pt, — ), then it is easy to see for each set / the 
object AI is a coproduct U/g/ pt. 

We are interested in constructing discrete group objects in a category C; for 
this, we need to have discrete objects, and, according to Remark l2.141 we need to 
have that the discrete object functor (Set) C preserves finite products. Here is a 
condition to ensure that this happens. 

Suppose that C is a category with finite products. Assume furthermore that 
for any object JJ in C and any set / the coproduct \Jiei ^ exists in C; in particular, C 
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has discrete objects. If U is an object of C and Hs a set, we will set I x U = U/g/ U. 
By definition, an arrow 7 x LI — > V is defined by a collection of arrows /, : U ^ V 
parametrized by /. In particular, x LT is an initial object of C. 

Notice the following fact. Let J be a set, U an object of C. If / G / then A{z'} 
is a terminal object of C, hence there is a canonical isomorphism U ~ A{z'} x LI 
(the inverse of the projection A{f} x LI — > U). On the other hand the embedding 
: {i} ^ I induces an arrow A/,- x id(j : A{z} x JJ ^ AI x U. By composing these 
A/, with the isomorphisms LI ~ A{z'} x U we obtain a set of arrows U ^ AI x U 
parametrized by I, hence an arrow I x U ^ AI x U. 

Definition 2.20. A category C has discrete group objects when the following 
conditions are satisfied. 

(i) C has finite products. 

def 

(ii) For any object UinC and any set / the coproduct I x U = LJ/gj U exists; 

(iii) For any object LI in C and any set /, the canonical arrow Z x LI ^ A7 x LI is 
an isomorphism. 

For example, in the category (Top) a terminal object is a point (in other words, 
a topological space with one element), while the coproducts are disjoint unions. 
The conditions of the definition are easily checked. This also applies to the cate- 
gory (Sch/ S) of schemes over a fixed base scheme S; in this case a terminal object 
is S itself. 

Proposition 2.21. IfC has discrete group objects, then the discrete object functor 
A: (Set) C preserves finite products. 

So, by Remark l2.14[ when the category C has discrete group object the functor 
A: (Set) C gives a functor, also denoted by A: (Grp) Grp(C), from the 
category of groups to the category of group objects in C. A group object in C is 
called discrete when it isomorphic to one of the form AF, where F is a group. 

Proof. Let C be a category with discrete group objects. To prove that A pre- 
serves finite products, it is enough to check that A sends a terminal object to a 
terminal object, and that it preserves products of two objects. The first fact follows 
immediately from the definition of A. 

Let us show that, given two sets / and /, the natural arrow A(I x /) — i- AI x A/ 
is an isomorphism. By definition, A(Z x /) = (Z x /) x pt. On the other hand there 
is a canonical well-known isomorphism of 

(Zx/)xpt= U pt 

with 

LlfUpt) = /x (/xpt) = Zx A/. 

If we compose this isomorphism A (Z x /) ~ Z x A/ with the isomorphism Z x A/ ~ 
AZ X A] discussed above we obtain an isomorphism A (Z x /) ~ AZ x A/. It is easy 
to check that the projections A(Z x /) ^ AZ and A(Z x /) A] are induced by the 
projections I x J ^ I and I x J ^ J; this finishes the proof. 4> 

An action of a group is the same as an action of the associated discrete group 
object. 
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Proposition 2.22. Suppose that C has finite group objects. Let X be an object ofC, 
r a group, AT the associated discrete group object ofC. Then giving an action ofT on X, 
that is, giving a group homomorphism Y Aut^ {X), is equivalent to giving an action of 
the group object AF on X. 

Proof. A function from F to the set Homc(X, X) of arrows from X to it- 
self corresponds, by definition, to an arrow F x X X; the isomorphism F x 
X ~ AF X X above gives a bijective correspondence between functions F 
Homc(X, X) and arrows AF x X ^ X. We have to check that a function F 
Homc(X, X) gives an action of F on X if and only if the corresponding arrow 
AF X X ^ X gives an action of AF on X. This is straightforward and left to the 
reader. 4 

Remark 2.23. The terminology "C has discrete group objects" is perhaps mis- 
leading; for C to have discrete group objects would be sufficient to have discrete 
objects, and that the fimctor A preserves finite products. 

However, for discrete group objects to be well behaved we need more than 
their existence, we want Proposition 12.221 to hold: and for this purpose the con- 
ditions of Definition 12.201 seem to be optimal (except that one does not need to 
assume that C has all products; but this hypothesis is satisfied in all the examples 
I have in mind). 

2.3. Sheaves in Grothendieck topologies 

2.3.1. Grothendieck topologies. The reader is familiar with the notion of sheaf 
on a topological space. A presheaf on a topological space X can be considered as a 
functor. Denote by X^i the category in which the objects are the open subsets of X, 
and the arrows are given by inclusions. Then a presheaf of sets on X is a functor 
X(;i°P (Set) ; and this is a sheaf when it satisfies appropriate gluing conditions. 

There are more general circumstances under which we can ask whether a func- 
tor is a sheaf. For example, consider a functor F : (Top)°P — > (Set); for each topo- 
logical space X we can consider the restriction Fx to the subcategory X^-i of (Top). 
We say that F is a sheaf ovi (Top) if Fx is a sheaf on X for all X. 

There is a very general notion of sheaf in a Grothendieck topology; in this 
Section we review this theory. 

In a Grothendieck topology the "open sets" of a space are maps into this space; 
instead of intersections we have to look at fibered products, while unions play no 
role. The axioms do not describe the "open sets", but the coverings of a space. 

Definition 2.24. Let C be a category. A Grothendieck topology on C is the as- 
signment to each object Lf of C of a collection of sets of arrows {Li, U}, called 
coverings of U, so that the following conditions are satisfied. 

(i) If y ^ U" is an isomorphism, then the set {V ^ LI} is a covering. 

(ii) If {Lf/ Lf} is a covering and V ^ LI is any arrow, then the fibered prod- 
ucts {Uj xjj V} exist, and the collection of projections {Uj xjj V ^ V} is a 
covering. 

(iii) If {LI, LI} is a covering, and for each index i we have a covering {Vjj 

Ui } (here / varies on a set depending on z), the collection of composites { Vjj — > 
LI,- — > LI} is a covering of U. 
A category with a Grothendieck topology is called a site. 
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Notice that from and it follows that if {U; — > U} and {Vj U} are 
two coverings of the same object, then {LI, x (j Vj U} is also a covering. 

Remark 2.25. In fact what we have defined here is what is called a pretopology 
in fSGAl]; a pretopology defines a topology, and very different pretopologies can 
define the same topology. The point is that the sheaf theory only depends on 
the topology, and not on the pretopology. Two pretopologies induce the same 
topology if and only if they are equivalent, in the sense of Definition 12. 471 

Despite its imquestionable technical advantages, I do not find the notion of 
topology, as defined in ISGA4I , very intuitive, so I prefer to avoid its use (just a 
question of habit, undoubtedly). 

However, sieves, the objects that intervene in the definition of a topology, are 
quite useful, and will be used extensively. 

Here are some examples of Grothendieck topologies. In what follows, a set 
{Ui — > U} of functions, or morphisms of schemes, is called jointly surjective when 
the set-theoretic union of their images equals U. 

Example 2.26 (The site of a topological space). Let X be a topological space; 
denote by X^i the category in which the objects are the open subsets of X, and the 
arrows are given by inclusions. Then we get a Grothendieck topology on by 
associating with each open subset U C X the set of open coverings of U. 

In this case, if LJi ^ LI and U2 U are arrows, the fibered product Ui XuU2 
is the intersection !Ji n U2- 

Example 2.27 (The global classical topology). Here C is the category (Top) of 
topological spaces. If LI is a topological space, then a covering of U will be a jointly 
surjective collection of open embeddings U, — > U. 

Notice here we must interpret "open embedding" as meaning an open contin- 
uous injective map V ^ Li; if by an open embedding we mean the inclusion of an 
open subspace, then condition ^ of Definition 12.241 is not satisfied. 

Example 2.28 (The global etale topology for topological spaces). Here C is the 
category (Top) of topological spaces. If LI is a topological space, then a covering 
of U will be a jointly surjective collection of local homeomorphisms Lf; — > U. 

Here is an extremely important example from algebraic geometry. 

Example 2.29 (The small etale site of a scheme). Let X be a scheme. Consider 
the full subcategory of (Sch/X), consisting of morphisms U ^ X locally of 
finite presentation, that are etale. If LL ^ X and V ^ X are objects of Xgt, then an 
arrow U ^ V over X is necessarily etale. 

A covering of LT ^ X in the small etale topology is a jointly surjective collec- 
tion of morphisms LL, U. 

Here are topologies that one can put on the category (Sch/ S) of schemes over 
a fixed scheme S. Several more have been used in different contexts. 

Example 2.30 (The global Zariski topology). Here a covering {Ui ^ U} is 
a collection of open embeddings covering U. As in the example of the global 
classical topology, an open embedding must be defined as a morphism V ^ U 
that gives an isomorphism of V with an open subscheme of U, and not simply as 
the embedding of an open subscheme. 
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Example 2.31 (The global etale topology). A covering {JJ, — U} is a jointly 
surjective collection of etale maps locally of finite presentation. 

Example 2.32 (The fppf topology). A covering {LI, LI} is a jointly surjec- 
tive collection of flat maps locally of finite presentation. 

The abbreviation fppf stands for "fidelement plat et de presentation finie". 

2.3.2. The fpqc topology. It is sometimes useful to consider coverings that 
are not locally finitely presented. One can define a topology on (Sch/ S) simply by 
taking all collections of morphisms {LI,- U} such that the resulting morphism 
]_[, LI, — > LI is faithfully flat. Unfortunately, this topology is not well behaved (see 
Remarks 11.141 and I2.56|l . One needs some finiteness condition in order to get a 
reasonable topology. 

For example, one could define a covering as a collection of morphisms { LI, 
11} such that the resulting morphism {]_[, LI, U} is faithfully flat and quasi- 
compact, as I did in the first version of these notes; but then Zariski covers would 
not be included, and the resulting topology would not be comparable with the 
Zariski topology. The definition of the fpqc topology that follows, suggested by 
Steve Kleiman, gives the correct sheaf theory. 

Proposition 2.33. Let f: X ^ Y be a surjective morphism of schemes. Then the 
foUoiving properties are equivalent. 

(i) Every quasi-compact open subset ofY is the image of a quasi-compact open subset of 
X. 

(ii) There exists a covering {Vi}ofYby open affine subschemes, such that each Vi is the 
image of a quasi-compact open subset ofX. 

(iii) Given a point x e X, there exists an open neighborhood U of x in X, such that the 
image fU is open in Y, and the restriction U — > fU off is quasi-compact. 

(iv) Given a point x G X, there exists a quasi-compact open neighborhood II of x in X, 
such that the image fU is open and affine in Y. 

Proof. It is obvious that (0 implies The fact that (|ivj implies follows 
from the fact that a morphism from a quasi-compact scheme to an affine scheme is 
quasi-compact. 

It is also easy to show that (ImJ implies (|iv) l: if LI' is an open subset of X con- 
taining X, whose image fU' in Y is open, take an affine neighborhood V of /(x) in 
fW, and set LI = y. 

Since / is surjective, we see that (|iv) implies lEiJl. 

Conversely, assuming take a point x e X. Then f{x) will be contained in 
some V/. Let LI' be a quasi-compact open subset of X with image V,, and LI" an 
open neighborhood of x in /^^ V;. Then LI = LI' U LI" is quasi-compact, contains x 
and has image Vi. 

We only have left to prove that ^ implies (Ql. Let V be a quasi-compact open 
subset of Y. The open affine subsets of Y that are contained in some V fl V/ form 
a covering of V, so we can choose finitely many of them, call them Wj, . . ., W,-. 
Given one of the Wy, choose an index i such that Wy C V/ and a quasi-compact 
open subset LI; of X with image V;; the restriction LI/ V; is quasi-compact, so 
the inverse image V^'- of W, in LI/ is quasi-compact. Then Uy^i W^' is an open quasi- 
compact subscheme of X with image ULi = V- ♦ 
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Definition 2.34. Anfpqc morphism of schemes is a faithfully flat morphism that 
satisfies the equivalent conditions of Proposition 12 .331 

The abbreviation fpqc stands for "fidelement plat et quasi-compact". 
Here are some properties of fpqc morphisms. 

Proposition 2.35. 

(i) The composite of fpqc morphisms is fpqc. 

(ii) Iff: X ^ Y is a morphism of schemes, and there is an open covering V; ofY, such 
that the restriction f~^Vi Vi is fpqc, then f is fpqc. 

(iii) An open faithfully flat morphism is fpqc. 

(iv) A faithfully flat morphism that is locally of finite presentation is fpqc. 

(v) A morphism obtained by base change from anfpqc morphism is fpqc. 

(vi) Iff : X ^ Y is anfpqc morphism, a subset ofY is open in Y if and only if its inverse 
image is open in X. 

Proof. follows from the definition, using the characterization in Propo- 
sition |233l Also imil follows easily, using the characterization and l[mjl follows 
from condition l(iv)l follows from and the fact that a faithfully flat mor- 
phism that is locally of finite presentation is open ('Proposition ll.l2]l . 

For lpii|l , suppose that we are given a cartesian diagram of schemes 

X' >X 



Y' >y 

such that X — > Y is fpqc. Take a covering of Y by open affine subschemes, and 
for each of them choose an open quasi-compact open subset Lf, of X mapping onto 
V^ . If we denote by Y[ its inverse image of in Y' and \1\ the inverse image of 17, 
in X, it is easy to check that \1[ = V! x y. LI/. Since the morphism Ui V/ is quasi- 
compact, it follows that U'l is also quasi-compact. Now take a covering { V-' } 
by open affine subschemes, such that each Vj' is contained in some V/; then each 
Vj' is the image of a quasi-compact open subset of X', its inverse image in some 
Ui. 

Let us prove l lvi|l . Let A be a subset of Y whose inverse image in X is open. 
Pick a covering { V/ } of Y by open affine subsets, each of which is the image of a 
quasi-compact open subset LI, of X. Then the inverse image of A in each LT, will 
be open, and according to Proposition I L 131 this implies that each A H V, is open in 
Vi, so A is open in Y. 4 

The fpqc topology on the category (Sch/S) is the topology in which the cov- 
erings {LI, — > LI} are collections of morphisms, such that the induced morphism 
UUi ^ U is fpqc. 

Let us verify that this is indeed a topology, by checking the three conditions of 
Definition 12. 241 Condition Q is obvious, because an isomorphism is fpqc. 
Condition ^ follows from Proposition 12 .351 l|v|l . 

Condition lpTi|l is easy to prove, from parts 101 and of Proposition 12 .351 
The fpqc topology is finer than the fppf topology, which is finer than the etale 
topology, which is in turn finer than the Zariski topology. 

Many properties of morphisms are local on the codomain in the fpqc topology. 
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Proposition 2.36. Let X ^ Y be a morphism of schemes, {¥,■ Y} an fpqc 
covering. Suppose that for each i the projection Yi Xy X — > Y, has one of the following 
properties: 

(i) is separated, 

(ii) is quasi-compact, 

(iii) is locally of finite presentation, 

(iv) is proper, 

(v) is affine, 

(vi) is finite, 

(vii) is flat, 

(viii) is smooth, 

(ix) fs unramified, 

(x) zs etaZe, 

(xi) is an embedding, 

(xii) zs a closed embedding. 

Then X ^ Y has the same property. 

Proof. This follows easily from the fact that each of the properties above 
is local in the Zariski topology in the codomain, from the characterization in 
Proposition |233l and from Proposition ll.151 4ft 

2.3.3. Sheaves. If X is a topological space, a presheaf of sets on X is a functor 
Xci°P (Set), where X^\ is the category of open subsets of X, as in Example l2.26l 
The condition that F be a sheaf can easily be generalized to any site, provided that 
we substitute intersections, which do not make sense, with fibered products. (Of 
course, fibered products in X^\ are just intersections.) 

Definition 2.37. Let C be a site, f : C°p ^ (Set) a functor. 

(i) F is separated if, given a covering {(J,- 11} and two sections a and h in FLT 
whose pullbacks to each FLJ, coincide, it follows that a = b. 

(ii) F is a sheaf if the following condition is satisfied. Suppose that we are given 
a covering {Lf, U} in C, and a set of elements fl, E FUi. Denote by 
prj : L// X y Uj JJ,- and pr2 : LI,- x y Uj —>■ Uj the first and second projec- 
tion respectively, and assume that pr^ a,- = pr2 fly G F(U,- x^f Uj) for all i and 
j. Then there is a unique section a G FU whose pullback to FLJ, is for all i. 

If F and G are sheaves on a site C, a morphism of sheaves F — > G is simply 
a natural transformation of fimctors. 

A sheaf on a site is clearly separated. 

Of course one can also define sheaves of groups, rings, and so on, as usual: a 
functor from C°P to the category of groups, or rings, is a sheaf if its composite with 
the forgetful functor to the category of sets is a sheaf. 

The reader might find our definition of sheaf pedantic, and wonder why we 
did not simply say "assume that the pullbacks of a,- and to F(LJ,- X(j Uj) coin- 
cide". The reason is the following: when i = j, in the classical case of a topological 
space we have Lf,- x y Lf, = JJ,- fl Lf, = LI,-, so the two possible pullbacks from 
Uj XuUj —> Ui coincide; but if the map LI, —^Uis not injective, then the two 
projections Lf, x [j Lf, Uj will be different. So, for example, in the classical case 
coverings with one subset are not interesting, and the sheaf condition is automat- 
ically verified for them, while in the general case this is very far from being true. 
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An alternative way to state the condition that F is a sheaf is the following. 
Let A, B and C be sets, and suppose that we are given a diagram 

f ^ 
A > B \ C. 

h 

(that is, we are given a function f: A ^ B and two functions g,h: B — > C). We say 
that the diagram is an equalizer if / is injective, and maps A surjectively onto the 
subset {heB \ g[h) = h{h)] C B. 

Equivalently, the diagram is an equalizer g o f = h o f, and every function 
p: D ^ B such that g o p = h o p factors uniquely through A. 

Now, take a fimctor F : C°P (Set) and a covering {Lf, U} in C. There is a 
diagram 

pr* 

(2.3.1) FU^YlFU, ^ YlF{UiXuUj) 

where the ftmction FU ^Yli FUj is induced by the restrictions FU ^ FUi, while 
pr*: YlFUi^YlF{UiXuUj) 

i i,j 

sends an element (a,) E Yli FUj to the element pr| (a,) G Yli,j Fi^i ^ u Uj) whose 
component in F{Ui X(j Uj) is the pullback pr^a, of a, along the first projection 
Uj ^jjUj Uj. The function 

pr*: YlFUi^llFiUiXuUj) 

i i,i 

is defined similarly. 

One immediately sees that F is a sheaf if and only if the diagram l|2.3.Hl is an 
equalizer for all coverings {U, LI} in C. 

2.3.4. Sieves. Given an object LI in a category C and a set of arrows U = 
{Ui —>■ U} in C, we define a subfimctor h^ C hu, by taking hi^{T) to be the 
set of arrows T ^ U with the property that for some i there is a factorization 
T — > U; — > U. In technical terms, h^ is the sieve associated with the covering U. 
The term is suggestive: think of the U, as holes on U. Then an arrow T ^ Lf is in 
h^T when it goes through one of the holes. So a sieve is determined by what goes 
through it. 

Definition 2.38. Let LI be an object of a category C. A sieve on U is a sub- 
functor of hy: C°P ^ (Set). 

Given a subfunctor S C h(j, we get a collection S of arrows T ^ U (consisting 
of union of the ST with T running through all objects of C), with the property 
that every time an arrow T ^ LI is in 5, every composite T' ^ T ^ Lf is in 5. 
Conversely, from such a collection we get a subfunctor S C h(j, in which ST is the 
set of all arrows T ^ U that are in S. 

Now, let U = {Ui ^ Ujhea set of arrows, F: C°P (Set) a functor. We 
define FU to be the set of elements of Yli FUi whose images in Y[i,j F{UiXu Uj) are 
equal. Then the restrictions FU FUi induce a function FU FU; by definition, 
a sheaf is a fimctor F such that FU ^ FU is a bijection for all coverings U = {Ui ^ 
U}. 
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The set FU can be defined in terms of sieves. 
Proposition 2.39. There is a canonical bijection 

R: liom{hu,F) ~ FU 

such that the diagram 

Hom(hu,f) >FU 

nom{hu,F)^^FU 

in which the top row is the Yoneda isomorphism, the left hand column is the restriction 
function induced by the embedding ofh^ in and the right hand column is induced by 
the restriction functions FU FUi, commutes. 

Proof. Take a natural transformation (p:hi/ — > F. For each i, the arrow 
Ui LT is an object of h^^U,-; from this we get an element = (^(LT,- U)) G 
UiFUf. The pullbacks prJ^(!J, U) and pr2^(!Jy U) to FUij both coin- 
cide with (p{Uij — > U), hence R(p is an element of FU. This defines a fimction 
R : Hom(hjy, F) FU; the commutativity of the diagram is immediately checked. 

We need to show that R is a bijection. For this purpose take two natural trans- 
formations cp,ip: hit — > F such that R<p — Rip. Consider an element T — > LT of 

some h^T; by definition, this factors as T ^ U, — > !J for some arrow f:T^ Ui. 
Then by definition of a natural transformation we have 

<p{T -^U)^ f*<p{Ui -^U)^ f*ip{Ui -^U)^ ip{T ^ U), 

hence (p — ip. This proves the injectivity of R. 

For surjectivity, take an element (^,) G FU; we need to define a natural trans- 
formation hi/ ^ F. If T — > LT is an element of hi/T, choose a factorization 

T ^ Ui ^ U; this defines an element /*^,- of FU. This element is independent of 

the factorization: two factorizations T — > U, ^ LJ and T Uj —> U give an arrow 
T Uij, whose composites with pr^ : Uij Ui and pr2 : Ujj Uj are equal to / 
and g. Since prj = pr| ^j, we see that /*^,- = g*^j. 

This defines a fimction h^^ T FT for each T. We leave it to the reader to show 
that this defines a natural transformation (p-.hn^F, and that R<p — (^,). 4> 

As an immediate corollary, we get the following characterization of sheaves. 

Corollary 2.40. A functor F: C°p (Set) is a sheaf if and only if for any cover- 
ing U — {Ui — > LI} in C, the induced function 

FU ~ Hom(hu,F) — > Hom(h;^,F) 

is bijective. Furthermore, F is separated if and only if this function is always injective. 

This characterization can be sharpened. 

Definition 2.41. Let T be a Grothendieck topology on a category C. A sieve 
S C hu on an object LI of C is said to belong to T if there exists a covering U oiU 
such that hif C. S. 



34 



2. CONTRAVARIANT FUNCTORS 



If C is a site, we will talk about the sieves of C to mean the sieves belonging to 
the topology of C. 

The importance of the following characterization will be apparent after the 
proof of Proposition 12391 

Proposition 2.42. A functor F: C°p (Set) is a sheaf in a topology T if and 
only if for any sieve S belonging to T the induced function 

FU ~ Hom(ha,f ) — > Hom(S,F) 

is bijective. Furthermore, F is separated if and only if this function is always injective. 

Proof. The fact that this condition implies that F is a sheaf is an immediate 
consequence of Corollary |2.40| 

To show the converse, let F be a sheaf, take a sieve S C hjj belonging to C, and 
choose a covering W of LI with hj^ C S. The composite 

Hom(h(i,F) — > Hom(S,F) — > Hom(h^^,F) 

is a bijection, again because of Corollary 12.401 so the thesis follows from the next 
Lemma. 

Lemma 2.43. IfF is separated, the restriction function 
Hom(S,F) — > Hom(ht/,F) 

is injective. 

Proof. Let us take two natural transformations (p,^p: S — > F with the same 
image in Hom(hj^, F), an element T ^ U of ST, and let us show that <p{T ^ U) = 
ip{T^ U) e FT. 

Set U = {Uj U}, and consider the fibered products T Lf,- with their 
projections p, : T xjj Uj — > T. Since T xjj Ui ^ JJ is in h^^ (T x u JJ,) we have 

p*cp{T ^ LI) = cp{T XuUi) = ip{T XuUi) = p*ip{T ^ LI). 

Since {p; : T x (j LI, ^ T} is a covering and F is a separated presheaf, we conclude 
that cj){T -^U) = ip{T -^U) e FT, as desired. 4|k 

This concludes the proof of Proposition l2.42l 4> 

We conclude with a remark. Suppose that W = {LI, ^ LI} and V = {Vj ^ U} 

are coverings. Then W V = {LI; X(j V^- — LI} is a covering. An arrow T ^ U 
factors through LI; x (j Vj if and only if it factors through LT,- and through Vj. This 
simple observation is easily seen to imply the following fact. 

Proposition 2.44. 

(1) IfU = {LI/ LI} and V = {Vj ^ U} are coverings, then 

hwxuV = hj^ nhy C hu. 

(2) IfS-[ and S2 are sieves on U belonging to T, the intersection Si n S2 C hfj also 
belongs to T. 
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2.3.5. Equivalence of Grothendieck topologies. Sometimes two different to- 
pologies on the same category define the same sheaves. 

Definition 2.45. Let C be a category, {LI, U}i(zi a set of arrows. A refine- 
ment { Vfl — !■ U}i,eA is a set of arrows such that for each index a E A there is some 
index i E I such that Va U factors through {J/ U. 

Notice that the choice of factorizations Va ^ U is not part of the data, 

we simply require their existence. 

This relation between sets of arrows is most easily expressed in terms of sieves. 
The following fact is immediate. 

Proposition 2.46. Let there be given two sets of arrows U = {JJ, — > LI} and 
V = {Va U}. Then V is a refinement ofU if and only z/hy C hu. 

A refinement of a refinement is obviously a refinement. Also, any covering is 
a refinement of itself: thus, the relation of being a refinement is a pre-order on the 
set of coverings of an object LI. 

Definition 2.47. Let C be a category, T and T' two topologies on C. We 
say that T is subordinate to T' , and write T ~< T , if every covering in T has a 
refinement that is a covering in T . 

If T ^ T' and T -< T, we say that T and T are equivalent, and write T = T'. 

Being a refinement is a relation between sets of arrows into LI that is transitive 
and reflexive. Therefore being subordinate is a transitive and reflexive relation 
between topologies on C, and being equivalent is an equivalence relation. 

This relation between topologies is naturally expressed in terms of sieves. 

Proposition 2.48. Let T and T be topologies on a category C. Then T ~< T' if 
and only if every sieve belonging to T also belongs to T . 

In particular, two topologies are equivalent if and only if they have the same sieves. 

This is clear from Proposition 12.461 

Proposition 2.49. Let T and T' be two Grothendieck topologies on the same cate- 
gory C. IfT is subordinate to T , then every sheaf in T is also a sheaf in T. 
In particular, two equivalent topologies have the same sheaves. 

The proof is immediate from Propositions 12 .421 and 12 .481 

In Grothendieck's language what we have defined would be called a pretopol- 
ogy, and two equivalent pretopologies define the same topology. 

Example 2.50. The global classical topology on (Top) (Example l2.27l l, and the 
global etale topology of Example l2.28l are equivalent. 

Example 2.51 . If S is a base scheme, there is another topology that we can 
define over the category (Sch/ S), the smooth topology, in which a covering {LI; ^ 
LI} is a jointly surjective set of smooth morphisms locally of finite presentation. 

By l'EGAIV-4 Corollaire 17.16.3], given a smooth covering {LI; — > LI} we can 
find an etale surjective morphism V ^ U that factors through the disjoint union 
IJ, LI, U; given such a factorization, if Vj is the inverse image of LI,- in V, we have 
that {V, U} is an etale covering that is a refinement of {LI, — > LI}. This means 
that the smooth topology is subordinate to the etale topology. Since obviously 
every etale covering is a smooth cover, the two topologies are equivalent. 
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Definition 2.52. A topology T on a category C is called saturated if a set of 
arrows {U; U} which has a refinement that is in T is also in T. 

If T is a topology of C, the saturation T of T is the set of sets of arrows which 
have a refinement in T. 

Proposition 2.53. Let The a topology on a category C. 

(i) The saturation TofT is a saturated topology. 

(ii) T C T. 

(iii) T is equivalent to T. 

(iv) The topology T is saturated if and only ifT — T. 

(v) A topology T on C is subordinate to T if and only ifT' C T. 

(vi) A topology T' on C is equivalent to T if and only ifT' = T. 

(vii) A topology on C is equivalent to a unique saturated topology. 

We leave the easy proofs to the reader. 

2.3.6. Sheaf conditions on representable functors. 

Proposition 2.54. A representable functor (Top)°P (Set) is a sheaf in the 
global classical topology. 

This amounts to saying that, given two topological spaces U and X, an open 
covering {II; C Lf}, and continuous functions fi'. Ui — > X, with the property 
that the restriction of /, and fj to !J, n Uj coincide for all i and there exists a 
unique continuous function U — > X whose restriction U; ^ X is /,. This is essen- 
tially obvious (it boils down to the fact that, for a function, the property of being 
continuous is local on the domain). For similar reasons, it is easy to show that a 
representable functor on the category (Sch/S) over a base scheme S is a sheaf in 
the Zariski topology. 

On the other hand the following is not easy at all: a scheme is a topological 
space, together with a sheaf of rings in the Zariski topology. A priori, there does 
not seem to be a reason why we should be able to glue morphisms of schemes in 
a finer topology than the Zariski topology. 

Theorem 2.55 (Grothendieck). A representable functor on (Sch/S) is a sheaf in 
thefpqc topology. 

So, in particular, it is also a sheaf in the etale and in the fppf topologies. 

Here is another way of expressing this result. Recall that in a category C an 
arrow f: V ^ Uis called an epimorphism if, whenever we have two arrows U=iX 
with the property that the two composites V ^ U ^ X coincide, then the two 
arrows are equal. In other words, we require that the fxmction Homc(!J, X) — > 
Home {V, X) be injective for any object X of C. 

On the other hand, V ^ U" is called an effective epimorphism if for any object X 
of C, any arrow V — >• X with the property that the two composites 

VxuV \ V — >X 

coincide, factors uniquely through U. In other words, we require that the diagram 

Home (LT, X) — > Home X) \ Home (V x ^ y, X) 

be an equalizer. 
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Then Theorem 12.551 says that every fpqc morphism of schemes is an effective 
epimorphism in (Sch/S). 

Remark 2.56. As we have already observed at the beginning of i j2.3.21 there is 
a "wild" flat topology in which the coverings are jointly surjective sets {LT,- U} 
of flat morphisms. However, this topology is very badly behaved; in particular, 
not all representable functors are sheaves. 

Take an integral smooth curve U over an algebraically closed field, with quo- 
tient field K and let Vp = Spec Ojj p for all closed points p G U{k), as in Re- 
mark lLMl Then {Vp ^ U} is a covering in this wild flat topology. 

Each Vp contains the closed point p, and Vp\{p} = Spec K is the generic point 
of Vp) furthermore Vp Xjj Vcj = Vp ii p = q, otherwise Vp XjjVq = SpecX. 

We can form a (very non-separated) scheme X by gluing together all the Vp 
along Spec K; then the embeddings Vp ^ X and Vq ^ X agree when restricted to 
Vp X Lf , so the give an element of Hp hx Vp whose two images in Y\p,q ^x{Vp x (j 
Vq) agree. However, there is no morphism U — > X whose restriction to each Vp is 
the natural morphism Vp LI. In fact, such a morphism would have to send each 
closed point pel/ into p G Vp C X, and the generic point to the generic point; 
but the resulting set-theoretic fimction LI ^ X is not continuous, since all subsets 
of X formed by closed points are closed, while only the finite sets are closed in U. 

Definition 2.57. A topology T on a category C is called suhcanonical if every 
representable functor on C is a sheaf with respect to T. 

A suhcanonical site is a category endowed with a suhcanonical topology. 

There are examples of sites that are not suhcanonical (we have just seen one in 
Remark l2.56b , but I have never had dealings with any of them. 

The name "suhcanonical" comes from the fact that on a category C there is a 
topology, known as the canonical topology, which is the finest topology in which 
every representable functor is a sheaf. We will not need this fact. 

Definition 2.58. Let C be a site, S an object of C. We define the comma topology 
on the comma category (C/S) as the topology in which a covering of an object 
Lf^S of (C/S) is a collection of arrows 

\ / 

s 

such that the collection {/, : U, — > LI} is a covering in C. In other words, the 
coverings of LI ^ S are simply the coverings of U. 

It is very easy to check that the comma topology is in fact a topology. 

For example, if C is the category of all schemes (or, equivalently, the category 
of schemes over Z), then (C/S) is the category of schemes over S, and the comma 
topology induced by the fpqc topology on (C/S) is the fpqc topology. Analogous 
statements hold for the Zariski, etale and fppf topology. 

Proposition 2.59. IfC is a suhcanonical site and S is an object ofC, then (C/S) is 
also suhcanonical. 
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Proof. We need to show that for any covering {U, — U} in (C/S) the se- 
quence 

Horns ( U, X) ^ n Horns ( U,-, X) => J] Homg ( LI, x y iJ^, X) 

i i,j 

is an equalizer. The injectivity of the function 

Horns ( LI, X) — > J3 Horns (Lr„X) 

is clear, since Homs(!J,X) injects into Hom(!J,X), Hi Homs(/ii,X) injects into 
Hom(LJi, X), and Hom(!J, X) injects into Y\i Hom(!J„ X), because hx is a sheaf. 
On the other hand, let us suppose that we are given an element (a,) of the product 
H; Horns (Lfj, X), with the property that for all pairs /, / of indices the equality 
pr^ fl, = pr| Uj holds in Horns (LT, X[j Uj, X). Then there exists a morphism a G 

Hom(JJ, X) such that the composite Ui ^ U X coincides with a, for all, and we 
only have to check that a is a morphism of S-objects. But the composite LT, — > Lf 
X — > S coincides with the structure morphism LI, S for all i; since Hom(— , S) 
is a sheaf on the category C, so that Hom({J, S) injects into Jl/ Hom(Lr,, S), this 
implies that the composite LT X ^ S is the structure morphism of U, and this 
completes the proof. 4 

Proof of Theorem [2351 We will use the following useful criterion. 

Lemma 2.60. Let S be a scheme, F : (Sch/ S)°P (Set) a functor. Suppose that F 
satisfies the following two conditions. 

(i) F is a sheaf in the global Zariski topology. 

(ii) Whenever V ^ U is a faithfully flat morphism ofaffine S-schemes, the diagram 

pr* 

FU — >FV 1 F{VxuV) 

pr* 

is an equalizer. 
Then F is a sheaf in thefpqc topology. 

Proof. The proof will be divided into several steps. 

Step 1: reduction to the case of a single morphism. Take a covering {U,- — > U} of 
schemes over S in the fpqc topology, and set V = ]_J, LI,. The induced morphism 
y — > JJ is fpqc. Since F is a Zariski sheaf, the function FV Yli induced by 
restrictions is an isomorphism. We have a commutative diagram of sets 

pr* 

FU > FV I F{V XuV) 

prj 

i pr* 

FU > Hi m =^ Ilij FiU, xu Uj) 

pr* 

where the columns are bijections; hence to show that the bottom row is an equal- 
izer it is enough to show that the top row is an equalizer. In other words, we 
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have shown that it is enough to consider coverings {V ^ U} consisting of a sin- 
gle morphism. Similarly, to check that f is separated we may limit ourselves to 
considering coverings consisting of a single morphism. 

This argument also shows that if {LI/ U} is a finite covering, such that U 
and the U; are affine, then the diagram 

pr* 

FU^YlFUi =^ YlF{UiXuUj) 

i i,j 

is an equalizer. In fact, in this case the finite disjoint imion U; Ui is also affine. 

Step 2: proof that F is separated. Now we are given an fpqc morphism /: V 
U; take an open covering {1^ } of ^ by open quasi-compact subsets, whose image 
Ui = fVi is open and affine. Write each Vi as a union of finitely many affine open 
subschemes Via- Consider the commutative diagram of restriction fimctions 

FU >FV 



IliFUi >UiIlaFVia. 

Its coliimns are injective, because F is a sheaf in the Zariski topology. On 
the other hand, the second row is also injective, because each of the restriction 
morphisms FUi Y[a,b ^ (^a ^fc) is injective. Hence the restriction function 
FU — > FV is injective, so F is separated. 

Step 3: the case of a morphism from a quasi-compact scheme onto an affine scheme. 
Let/: V ^ U a faithfully flat morphism, with V quasi-compact and U affine. Let 
h e FV be an element such that 

pr*J; = pr*beF(y XyV). 

We need to show that there exists an element a e FU such that f*a — bG FV. 

Let Vj be a finite covering of V by open affine subschemes; then {VJ ^ LT} is a 
finite fpqc covering of U by affine subschemes, hence the sequence 

FU^YlFV, ^ Yl^iV^xuVj) 
i p4 i,j 

is an equalizer. 

For each i denote by the restriction of b to FV;; then pr^ bj € F{Vi Xu Vj) 
is the restriction of prj[ G FV to F{Vi Xu Vj), while pr^ bj € F{Vi Xu Vj) is the 
restriction of pr2 b G FV to F{Vi xuVj). Hence pr^ bj — prj b for all i and so 
there exists some a G FU whose pullback to FVi is bj for all i. Then the restrictions 
of f*a and b to FVJ coincide for all i, so f*a = b, because F is a sheaf in the Zariski 
topology. 

Step 4: the case of a morphism to an affine scheme. Let V ^ U" be an fpqc scheme, 
where U is affine. Let f:V^Ua faithfully flat morphism, with V quasi-compact 
and U affine. Let b G FV be an element such that 

^T\b^-pxlbeF{VxuV). 

We need to show that there exists an element a G FU such that f*a — be FV. 
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Let {y, } be an open covering of V by quasi-compact open subschemes, such 
that the projection V, — > JJ is surjective for all i. For each i, denote by hi the 
restriction of h to FV,. The restriction morphism / |y : V/ ^ V is fpqc, hence by 
the previous step there exists a, G FLI such that (/ |i/;)*fl/ = fo/. However, I claim 
that fl/ = fly for all f and In fact, the morphism U Vy — JJ is also fqpc, and 
Vi U Vy is quasi-compact: hence there exists fl,j in FLI whose puUback to F(l/, U Vy) 
is the restriction of h. Since the pullbacks of to FV,- and F Vy coincide with and 
respectively, we have that a, = fl/y = fly. 

def 

Hence the puUback of fl = fl; to FV^- is hi for all it follows /*fl is Z?, as desired. 

Step 5: the general case. Now /: V ^ LI is an arbitrary fpqc morphism. Let 
{Ui} be an covering of Lf by open affine subschemes, and denote by Vi the inverse 
image of LI, in V. We have a diagram of restriction functions 

FU > FV ] F{V XuV) 



Ui FUi > n, FV, j Ui F{ViX u, Vi) 



Ui,jFiUinUj) — >nr,jFiVinVj). 

The columns are equalizers, because F is a sheaf in the Zariski topology; further- 
more the second row is also an equalizers, because each of the diagrams 

FUi^FVi ^ F(v; xu,v;) 

is an equalizer, by the previous step, and the product of equalizers is an equalizer. 
Finally, the bottom row is injective, because F is separated, and the result follows 
from a simple diagram chasing. ^ 

To prove Theorem 12.551 we need to check that if F = hx, where X is an S- 
scheme, then the second condition of Lemma 12.601 is satisfied. First of all, by 
Proposition 12.591 it is enough to prove the result in case S = SpecZ, that is, when 
(Sch/S) is simply the category of all schemes. So for the rest of the proof we only 
need to work with morphism of schemes, without worrying about base schemes. 

We will assume at first that X is affine. Set U = Spec A, V = Spec B, X = 
Spec R. In this case the result is an easy consequence of the following lemma. 
Consider the ring homomorphism / : A — > B corresponding to the morphism V — > 
LI, and the two homomorphisms of A-algebras ei,e2' B B ®^ B defined by 
ei (b) = b ® 1 and £2 (^) = 1 f'; these correspond to the two projections V xuV ^ 
V. 

Lemma 2.61 . The sequence 

— ^ A B -^i^ B(S)aB 

is exact. 

Proof. The injectivity of / is clear, because B is faithfully flat over A. Also, it 
is clear that the image of / is contained in the kernel of e\ — ei, so we have only to 
show that the kernel of e\ — ei is contained in the image of /. 
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Assume that there exists a homomorphism of A-algebras g: B ^ A (in other 
words, assume that the morphism V ^ U has a section). Then the composite 
g o f: A A is the identity. Take an element b E ker(ei — £2); by definition, 
this means that = l(g)fcinB B. By applying the homomorphism g (g) 

idg : B B ^ A ®^ B = B to both members of the equality we obtain that 
figb) = b, hence b E imf. 

In general, there will be no section U ^ V; however, suppose that there exists 
a faithfully flat A algebra A A', such that the homomorphism / id^/ : A' — > 
B (g) A' obtained by base change has a section B (B) A' A' as before. Set B' = 
B (g) A'. Then there is a natural isomorphism of A'-algebras B' B' ~ (B g)^ 
B) (g^ A', making the diagram 



> B' (g., B' 




>(B0^B)(g^ A' 



commutative. The top row is exact, because of the existence of a section, and so 
the bottom row is exact. The thesis follows, because A' is faithfully flat over A. 

But to find such homomorphism A ^ A' it is enough to set A' = B; the 
product B ®A ^ ~^ ^ defined by b g) 1— > bb' gives the desired section. In 
geometric terms, the diagonal V ^ V x [j V gives a section of the first projection 



To finish the proof of Theorem l2.55l in the case that X is affine, recall that mor- 
phisms of schemes LI — > X, V — > X and V x (j V ^ X correspond to ring homo- 
morphisms J? ^ A, R — > B and R ^ B g)^^ B; then the result is immediate from 
the lemma above. This proves that hx is a sheaf when X is affine. 

If X is not necessarily affine, write X = U/X, as a imion of affine open sub- 
schemes. 

Let us show that hx is separated. Given a covering V ^ LI, take two mor- 
phisms j ,g: U ^ X such that the two composites V ^ U ^ X are equal. Since 
y — > LI is surjective, / and g coincide set-theoretically, so we can set LI, = f^^Xi — 
g^^Xj, and call Vj the inverse images of JJ; in V. The two composites 



flu, 



coincide, and X, is affine; hence / |u;= g lu, for all i, so f = g, as desired. 

To complete the proof, suppose that g : V — > X is a morphism with the prop- 
erty that the two composites 



VxuV 



X 



are equal; we need to show that g factors through LI. The morphism V ^ U is 
surjective, so, from Lemma \2 . 62| below, g factors through LI set-theoretically. Since 
Lf has the quotient topology induced by the morphism V ^ U (Proposition 1 1 . 1 3l l , 
we get that the resulting function / : U ^ X is continuous. 
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Set Ui = f ^X, and Vj = g ^Vj for all /. The composites 

coincide, and X,- is affine, so g | y : ^ X factors uniquely through a morphism 
!J,- ^ X,. Wehave 

fi \uinUj= fj luiCiUj '■ ri Uj — > X, 

because hx is separated; hence the /; glue together to give the desired factorization 
V ^U^X. 4^ 

Lemma 2.62. Let /i : Xi — > Y and /2 : X2 ^ Y morphisms of schemes. Ifxi and 
xi are points ofXi and X2 respectively, and fi (xi) = fiixi), then there exists a point z 
in thefibered product Xi x y X2 such that pr-j (z) = xj and prj (z) = X2- 

Proof. Set y = f{xi) = f2{x2) G ^- Consider the extensions k{y) C k{xi) 
and k{y) C k{x2); the tensor product k{x-i) <Eik(y) ^(^2) is not 0, because the ten- 
sor product of two vector spaces over a field is never 0, unless one of the vec- 
tor spaces is 0. Hence k{xi) 0^(1/) ^{^2) has a maximal ideal; the quotient field 
K is an extension of k{y) containing both k{x-[) and k{x2). The two composites 

SpecK — > SpecA;(xi) ^ Xi — > U and SpecK — > SpecA;(x2) ^ X2 — > U coincide, 
so we get a morphism Spec X ^ Xi x y X2. We take z to be the image of Spec K in 

XiXyX2. 4 

The proof of Theorem l2.55l is now complete. 

2.3.7. The sheafification of a functor. The usual construction of the sheafifi- 
cation of a presheaf of sets on a topological space carries over to this more general 
context. 

Definition 2.63. Let C be a site, F : C°P (Set) a functor. A sheafification of 
F is a sheaf : C°P — > (Set), together with a natural transformation F — > F^, such 
that: 

(i) given an object U of C and two elements ^ and r] of FU whose images 
and t]^ in F^U are the same, there exists a covering {cr, : LI, — > U} such that 

o-*^ = cr*r], and 

(ii) for each object Li of C and each ^ G F^(!J), there exists a covering {ct", : Lf, — > 
LI} and elements f,- e F(LZ/) such that = a*!,. 

Theorem 2.64. Let Che a site,F: C°P (Set) a functor. 

(i) Zf F^ : C°P ^ (Set) z's a sheafification ofF, any morphism from F to a sheaf factors 
uniquely through F^. 

(ii) There exists a sheafification F F^, which is unique up to a canonical isomorphism. 

(iii) The natural transformation F ^ F^ is injective (that is, eachfiinction FU F^U 
is injective) if and only ifF is separated. 

Sketch of proof. For part (Ql, we leave to the reader to check uniqueness of 
the factorization. 

For existence, let cp: F G be a natural transformation from F to a sheaf 
G: C°P — > (Set). Given an element ^ of F^U, we want to define the image of ^ in 
GLL. There exists a covering {ct";: LI; — > U} and elements ^, E FUi, such that the 
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image of ^, in F^Lf; is a*^. Set rji = (p^i e GJJ,-. The pullbacks pr^ t]j and prj i]j in 
GiJjy both have as their image in F^LI,y the pullback of ^; hence there is a covering 
{LTya — > iJ,y} such that the pullbacks of prj ^/ and pr^ in FfJ/y^ coincide for each 
oc. By applying <p, and keeping in mind that it is a natural transformation, and that 
G is a sheaf, we see that the pullbacks of t]j and rjj to GUjj are the same, for any 
pair of indices i and Hence there an element i] of GU whose pullback to each 
GUi is rji. 

We leave to the reader to verify that this ?/ G GU only depends on ^, and 
that by sending each ^ to the corresponding i] we define a natural transformation 
F^ G, whose composition with the given morphism F — > F^ is (p. 

Let us prove part For each object U of C, we define an equivalence relation 
on FU as follows. Given two elements a and b of FU, we write a b if there 
is a covering Lf, ^ Lf such that the pullbacks of a and b to each Lf, coincide. We 
check easily that this is an equivalence relation, and we define F^U = FU / ^. We 
also verify that if V — > Lf is an arrow in C, the pullback FU — > FV is compatible 
with the equivalence relations, yielding a pullback F^U — > F^V. This defines the 
functor F^ with the surjective morphism F ^ F^. It is straightforward to verify 
that F^ is separated, and that every natural transformation from F to a separated 
functor factors uniquely through F^. 

To construct F^, we take for each object LI of C the set of pairs ({Lf/ — > U}, {a,}), 
where {Uj — > LI} is a covering, and {fl,} is a set of elements with a,- G F^LJ, such 
that the pullback of fl/ and fly to F^(!J/ x (j Uy), along the first and second projection 
respectively, coincide. On this set we impose an equivalence relation, by declaring 
{{Ui — > U}, {«,}) to be equivalent to ({V,- — > U}, {bj}) when the restrictions of fl,- 
and bj to F^(Lr, x y Vy), along the first and second projection respectively, coincide. 
To verify the transitivity of this relation we need to use the fact that the functor F^ 
is separated. 

For each U, we denote by F^U the set of equivalence classes. If V ^ LI is an 
arrow, we define a function F^U — > F^V by associating with the class of a pair 
{{Ui U}, {ui}) in F^U the class of the pair {{Ui x ^ V}, PiOi), where p,- : UiX^ 
V Ui is the projection. Once we have checked that this is well defined, we 
obtain a functor F^ : C°P (Set). There is also a natural transformation F^ — > F^, 
obtained by sending an element fl G F^!J into ({LI = U},a). Then one verifies that 
F^ is a sheaf, and that the composite of the natural transformations F ^ F^ and 
ps _^ pa ]^^g ^j^g desired universal property. 

The uniqueness up to a canonical isomorphism follows immediately from 
part Part ([mil follows easily from the definition. ^ 

A slicker, but equivalent, definition is as follows. Consider the set {S,} of 
sieves belonging to T on an object LT of C. These form a ordered set: we set i < j 
if Sj C Sj. According to Froposition l2.44i this is a direct system, that is, given two 
indices i and ; there is some k such that k > i and k > j. Then F^LT is in a canonical 
bijective correspondence with the direct limit lim^ Hom^ (S,, F^). 



CHAPTER 3 



Fibered categories 

3.1. Fibered categories 

3.1.1. Defiriition and first properties. In this Section we will fix a category C; 
the topology will play no role. We will study categories over C, that is, categories 
T equipped with a functor ^jr: T ^ C. 

We will draw several commutative diagrams involving objects of C and !F; an 
arrow going from an object ^ of to an object Lf of C will be of type ^ U", and 
will mean that pjr^ = Li. Furthermore the commutativity of the diagram 




will mean that pjr<p = f. 



Definition 3.1. Let .7-" be a category over C. An arrow (p: ^ // of is 
cartesian if for any arrow i/; : ^ — > ?/ in and any arrow h: pjr^ pjr^ in C with 
pj^(p °h = pj^ip, there exists a unique arrow 9: ^ ^ ^ with py^O = h and ^oO = ip, 
as in the commutative diagram 




If ^ ^ ?/ is a cartesian arrow of J- mapping to an arrow U ^ V oi C, we also 
say that ^ is fl pullback ofrj to U. 

Remark 3.2. The definition that we give of cartesian arrow is more restrictive 
than the definition in [SGAIJ; our cartesian arrows are called strongly cartesian in 
IIGra66l . However, the resulting notions of fibered category coincide. 
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Remark 3.3. Given two puUbacks cp: ^ ^ rj and (p: ^ — > rj of f] to U, the 
unique arrow 9: ^ ^ ^ that fits into the diagram 



is an isomorphism; the inverse is the arrow ^ ^ f obtained by exchanging f and 
^ in the diagram above. 

In other words, a pullback is unique, up to a unique isomorphism. 

The following facts are easy to prove, and are left to the reader. 

Proposition 3.4. 

(i) If is a category over C, the composite of cartesian arrows in T is cartesian. 

(ii) If ^ ^ t] and rj ^ [, are arrows in T and rj ^ [, is cartesian, then ^ ^ rj is 
cartesian if and only if the composite ^ ^ [, is cartesian. 

(iii) An arrow in T whose image in C is an isomorphism is cartesian if and only if it is 
an isomorphism. 

(iv) Let pg: Q C and F: ^ Q be functors, (p: ^ — > rj an arrow in If (p is 
cartesian over its image Fcp: — > Fr] in Q and F(p is cartesian over its image 
pgFcp: pgF^ — > pgFt] in C, then cp is cartesian over its image pgFcp in C. 

Definition 3.5. Afibered category over C is a category over C, such that 
given an arrow f:U^ V in C and an object rj oi J- mapping to V , there is a 
cartesian arrow <p: ^ ^ rj with p j^<p = f. 

In other words, in a fibered category J- ^ C we can pull back objects of T 
along any arrow of C. 

Definition 3.6. If J- and Q are fibered categories over C, then a morphism of 
fibered categories F: ^ Q is a functor such that: 

(i) F is base-preserving, that is, pg o F = p j^; 

(ii) F sends cartesian arrows to cartesian arrows. 

Notice that in the definition above the equality pg o F = pjr must be inter- 
preted as an actual equality. In other words, the existence of an isomorphism of 
functors between pg o F and pjr is not enough. 

Proposition 3.7. Let there be given two functors !F ^ Q and Q ^ C. If T is 
fibered over Q and Q is fibered over C, then T is fibered over C. 

Proof. This follows from Proposition|33]||iv]l. 4 
3.1.2. Fibered categories as pseudo-functors. 

Definition 3.8. Let be a fibered category over C. Given an object U of C, 
the fiber J-{U) of J- over U is the subcategory of J- whose objects are the objects ^ 
of J- with Pjt^ = U, and whose arrows are arrows cp in !F with pj^(p ~ id(j. 




U 
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By definition, ii F : J- —>■ Q is a morphism of fibered categories over C and U is 
an object of C, the functor F sends to Q{U-), so we have a restriction functor 

Fu: J'iU) ^ g{U). 

Notice that formally we could give the same definition of a fiber for any func- 
tor pjt : T ^ C, without assuming that T is fibered over C. However, we would 
end up with a useless notion. For example, it may very well happen that we have 
two objects Lf and V of C which are isomorphic, but such that is empty while 

0-{y) is not. This kind of pathology does not arise for fibered categories, and here 
is why. 

Let be a category fibered over C, and /: Lf — > V an arrow in C. For each 
object y] over V , we choose a puUback cp^j : f*ri ^ t] of r] to U. We define a functor 
/* : J^{V) ^{U) by sending each object t] of J^{V) to f*rj, and each arrow 
fi: r; ^ rj' of J^{V) to the unique arrow /*/5: /*// f*rj' m J^{U) making the 
diagram 

f*r] >n 

I 



/Y — >n 



commute. 



Definition 3.9. A cleavage of a fibered category T ^ C consists of a class K 
of cartesian arrows in T such that for each arrow / : Lf — V in C and each object y] 
in .F(y) there exists a unique arrow in K with target r] mapping to / in C. 

By the axiom of choice, every fibered category has a cleavage. Given a fibered 
category J- ^ C with a cleavage, we associate with each object Lf of C a category 
J-{U), and to each arrow /: Lf — > V a functor /* : J^{V) — > J-(U), constructed as 
above. It is very tempting to believe that in this way we have defined a functor 
from C to the category of categories; however, this is not quite correct. First of all, 
pullbacks idjj : J-{U) ^{U) are not necessarily identities. Of course we could 
just choose all pullbacks along identities to be identities on the fiber categories: 
this would certainly work, but it is not very natural, as there are often natural de- 
fined pullbacks where this does not happen (in Example 13.151 and many others). 
What happens in general is that, when U is an object of C and f an object of J-{U), 
we have the pullback £u{^) '■ id[j? ~^ ^ is an isomorphism, because of Proposi- 
tion |33]||iii|, and this defines an isomorphism of functors : id[j ~ idjpjy). 

A more serious problem is the following. Suppose that we have two arrows 
f: U ^ V and ^: V ^ W in C, and an object ^ of over W. Then f*g*[, is a 
pullback of ^ to U; however, pullbacks are not unique, so there is no reason why 
f*g*C should coincide with {gf )*l,. However, there is a canonical isomorphism 
oi-f^giO ■ f*g*Z ~ isf)*^ ^{U), because both are pullbacks, and this gives an 
isomorphism af^g-. f*g* ~ {gf)* of functors !FiW) J^{U). 

So, after choosing a cleavage a fibered category almost gives a functor from 
C to the category of categories, but not quite. The point is that the category of 
categories is not just a category, but what is known as a 2-category; that is, its 
arrows are fimctors, but two fimctors between the same two categories in turn 
form a category, the arrows being natural transformations of functors. Thus there 
are 1-arrows (functors) between objects (categories), but there are also 2-arrows 
(natural transformations) between 1-arrows. 
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What we get instead of a functor is what is called a pseudo-functor, or, in a more 
modern terminology, a lax 2-functor. 

Definition 3.10. A pseudo-functor O on C consists of the following data. 

(i) For each object li of C a category 3>Lf . 

(ii) For each arrow /: U ^ V a fimctor /* : *U. 

(iii) For each object Lf of C an isomorphism eu : id^ ~ id^u of functors <!?U — > 

/ ? 

(iv) For each pair of arrows U ^ V ^ W an isomorphism 

^f,g:f*g*c:^{§fr:^W^c^U 

of fimctors OW <E>LJ. 
These data are required to satisfy the following conditions. 

(a) If /: U ^ y is an arrow in C and ?/ is an object of OV, we have 

o^iduAv) = eu{f*r]) : id*uf*rj — > /*?/ 

and 

a/,idv('/) ridv?/ — > f*n- 

f g h 

(b) Whenever we have arrows !J A V ^ W A T and an object 6 of 0(1), the 



diagram 



f*g*h*e ). {gf)*h*i 



rihgye — '-^ >{hgfr0 



commutes. 



In this definition we only consider (contravariant) pseudo-ftmctors into the 
category of categories. Of course, there is a much more general notion of pseudo- 
functor with values in a 2-category, which we will not use at all. 

A functor O from S into the category of categories can be considered as a 
pseudo-functor, in which every eu is the identity on OLZ, and every af^g is the 
identity on /*^* = (gf)*. 

We have seen how to associate with a fibered category over C, equipped with 
a cleavage, the data for a pseudo-fimctor; we still have to check that the two con- 
ditions of the definition are satisfied. 

Proposition 3.11. A fibered category over C with a cleavage defines a pseudo- 
functor on C. 

Proof. We have to check that the two conditions are satisfied. Let us do this 

for condition (b) (the argument for condition (a) is very similar). The point is that 
f*g*h*[, and (hgf)*^ are both puUbacks of ^, and so, by the definition of cartesian 
arrow, there is a unique arrow f*g*h*^ — > {hgf)*^ lying over the identity on U, 
and making the diagram 

f*g*h% — Hhgfn 
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commutative. But one sees immediately that both ocij-^g{h*Q andoLj-^hg{Q o 

f*agji{l,) satisfy this condition. 4|k 

It is easy to see when a cleavage defines a functor from C into the category of 
categories. 

Definition 3.12. A cleavage on a fibered category is a splitting if it contains 
all the identities, and it is closed under composition. 

A fibered category endowed with a splitting is called split. 

Proposition 3.13. The pseudo-functor associated with a cleavage is a functor if 
and only if the cleavage is a splitting. 

The proof is immediate. 

In general a fibered category does not admit a splitting. 

Example 3.14. Every group G can be considered as a category with one ob- 
ject, where the set of arrows is exactly G, and the composition is given by the 
operation in G. A group homomorphism G ^ H can be considered as a fvmctor. 
An arrow in G (that is, an element of G) is always cartesian; hence G is fibered 
over H if and only if G ^ H is surjective. 

Given a surjective homomorphism G ^ H, a cleavage K is a subset of G that 
maps bijectively onto H; and a cleavage is a splitting if and only if K is a subgroup 
of G. So, a splitting is a splitting H ^ G of the homomorphism G — > H, in the 
usual sense of a group homomorphism such that the composite H — > G — > H is 
the identity on H. But of course such a splitting does not always exist. 

Despite this, every fibered category is equivalent to a split fibered category 
(Theorem l3.45|l . 

3.1.3. The fibered category associated with a pseudo-functor. So a fibered 
category with a cleavage defines a pseudo-functor. Conversely, from a pseudo- 
functor on C one gets a fibered category over C with a cleavage. First of all, let 
us analyze the case that the pseudo-functor is simply a functor O: C°P — > (Cat) 
into the category of categories, considered as a 1-category. This means that with 
each object U of C we associate a category OLT, and with each arrow /: Lf — > V a 
functor <$>f: (S>V <$>U, in such a way that Oidy : is the identity, and 

^{go f) = <I>/ o <£>g every time we have two composable arrows / and g inC. 

With this O, we can associate a fibered category !F ^ C, such that for any 
object LT in C the fiber J-{U) is canonically equivalent to the category OLT. An 
object of is a pair (^, U) where LI is an object of C and f is an object of OJJ. An 
arrow («,/) : (^, LI) [rj, V) in consists of an arrow /: LI ^ V mC, together 
with an arrow a : ^ — > '^f{rj) in <3>LI. 

The composition is defined as follows: if 

(fl, /):(?, LI) ^ (;?,y) and (b,^) : (;?, V) ^ (^, W) 

are two arrows, then 

ip, 8) o {a, f) = {^f{h) oa,gof): (?, LI) (^, W). 

There is an obvious functor J- ^ C that sends an object (^, LI) into LI and 
an arrow («,/) into /; I claim that this fimctor makes J- into a fibered category 
over C. In fact, given an arrow /: U —> V h\C and an object {}], V) in !F{V), then 
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(<3>/(//), U) is an object of J-{U), and it is easy to check that the pair (id,i,y-(^),/) 
gives a cartesian arrow (<!'/('/), U) {rj, V). 

The fiber of J- is canonically isomorphic to the category OU: the isomorphism 
J^{U) <£>U is obtained at the level of objects by sending Lf) to ^, and at the 
level of arrows by sending (a, idy) to a. The collection of all the arrows of type 
(id^^(^),/) gives a splitting. 

The general case is similar, only much more confusing. Consider a pseudo- 
functor <J> on C. As before, we define the objects of to be pairs (^, LI) where LI is 
an object of C and f is an object of !F{U). Again, an arrow (fl,/) : (^, U) — > {tj, V) 
in J- consists of an arrow f-.U^VmC, together with an arrow a : ^ ^ /*()/) in 
OLJ. 

Given two arrows {a,f): {^,U) {ri,V) and {b,g): {ri,V) — > {^,W), we 
define the composite {b,g) o {a,f) as the pair {b ■ a,gf ), where b ■ a = OLf^^{l,)o 
f*b o a is the composite 

inOLZ. 

Let us check that composition is associative. Given three arrows 

(?,LI)^(,,y)iH(f,W)i^(e,T) 
we have to show that 

{c,h)o{{b,g)oia,f))'^{c-ib-a),hgf) 

equals 

{{c,h)o{b,g))o{a,f)'^{{c-b)-a,hgf). 
By the definition of the composition, we have 

c-{b-a) =aLgfj,{e)o{gf)*co{b-a) 

= '^sfjii^) ° igf)*co(>^f,g{Oof*boa 

while 

{c -b) ■ a = aj:^fig{6) o f*{c -b) oa 

= oifj,g{e) o f*agj,{e) o f*g*c o f*b o a; 

hence it is enough to show that the diagram 

f*g*^ LI > f*g*h*e > f* {hg)*0 



(sfr 



{gf)% — — — > {gf)*h*e — > {hgf)*9 

commutes. But the commutativity of the first square follows from the fact that a^^ ^ 
is a natural transformation of functors, while that of the second is condition (b) in 
Definition 13101 

Given an object (^, U) of we have the isomorphism eu(^) : idy^ ^; we 
define the identity id (J : (^, !i) i^,U) as id(j = (eu(f)~^,idu). To check 
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that this is neutral with respect to composition, take an arrow (fl,/) : U) — > 
[t], y); we have 

ia,f)o{eu{^)-\idu) = {a-eu{^)-\f) 

and 

But condition (a) of Definition 13.101 says that o^idujil) equals £]j{f*rj), while the 
diagram 

■A* t: ^"'^''^ . y 

id[jfl 

commutes, because Cu is a natural transformation. This implies that a ■ = 
a, and therefore (fl,/) o i£^{^)~^ ,idu) = {a,f). 

A similar argument shows that )~^,id(j) is also a left identity. 

Hence JF is a category. There is an obvious functor pjr : !F ^ C sending an 
object (^, Lf) to Lf and an arrow {a, f) to /. I claim that this makes J- into a category 
fibered over C. 

Take an arrow /: Lf ^ V of C, and an object [t], V) of !F over V. I claim that 
the arrow 

(id/*,,/): {f*f^,U) ^ {r],V) 
is cartesian. To prove this, suppose that we are given a diagram 




(without the dotted arrow); we need to show that there is a unique arrow {c,h) 
that can be inserted in the diagram. But it is easy to show that 

(id/*,,,/) o {c,h) = {a,,j{t])oc,fh), 

and this tells us that the one and only arrow that fits into the diagram is ( a;, / ( ?; ) ~ ^ o 
b,h). 

This shows that !F is fibered over C, and also gives us a cleavage. 

Finally, let us notice that for all objects LT of C there is functor J-^{U) OLT, 
sending an object (^, Lf) to ^ and an arrow (a,/) into a. This is an isomorphism of 
categories. 

The cleavage constructed above gives, for each arrow f:U^ V, fimctors 
/* : J-{V) !F{11). If we identify each J-{U) with 0!J via the isomorphism 
above, then these functors correspond to the /* : OH. Hence if we start 
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with a pseudo-functor, we construct the associated fibered category with a cleav- 
age, and then we take the associated pseudo-functor, this is isomorphic to the 
original pseudo-functor (in the obvious sense). 

Conversely, it is easy to see that if we start from a fibered category with a 
cleavage, construct the associated pseudo-functor, and then take the associated 
fibered category with a cleavage, we get something isomorphic to the original 
fibered category with a cleavage (again in the obvious sense). So really giving 
a pseudo-functor is the same as giving a fibered category with a cleavage. 

On the other hand, since cartesian pullbacks are unique up to a unique iso- 
morphism (Remark 13. 2|l , also cleavages are unique up to a unique isomorphism. 
This means that, in a sense that one could make precise, the theory of fibered cat- 
egories is equivalent to the theory of pseudo-functors. On the other hand, as was 
already remarked in [SGAl, Remarque, pp. 193-194], often the choice of a cleav- 
age hinders more than it helps. 

3.2. Examples of fibered categories 

Example 3.15. Assume that C has fibered products. Let Arr C be the category 
of arrows in C; its objects are the arrows in C, while an arrow from / : X — U to 
g : y — > V is a commutative diagram 



X — 




/ 




u — 


—f V 



The functor pArrC ■ ArrC C sends each arrow S ^ Lf to its codomain U, and 
each commutative diagram to its bottom row. 

I claim that Arr C is a fibered category over C. In fact, it easy to check that the 
cartesian diagrams are precisely the cartesian squares, so the statement follows 
from the fact that C has fibered products. 

Definition 3.16. A class V of arrows in a category C is stable if the following 
two conditions hold. 

(a) If / : X U is in V, and (p: X' c^: X, ip: U ~ W are isomorphisms, the 
composite 

ipo/o<^: X' — >U' 

is in v. 

(b) Given an arrow Y ^ V in V and any other arrow U ^ V, then a fibered 
product LI X y y exists, and the projection LI x y y ^ LI is in "P. 

Example 3.17. As a variant of the example above, let V he a stable class of 
arrows. The arrows in V are the objects in a category, again denoted by V, in 
which an arrow from X— i-LTtoy^Visa commutative diagram 

X >y 



LI >v 

It is easy to see that this is a fibered category over C; the cartesian arrows are 
precisely the cartesian diagrams. 
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Example 3.18. Let G a topological group. The classifying stack of G is the 
fibered category BG — > (Top) over the category of topological spaces, whose ob- 
jects are principal G bundles P ^ U, and whose arrows {<p,f) from P — > LT to 
Q ^ V are commutative diagrams 



where the function cp is G-equivariant. The functor BG (Top) sends a principal 
bundle P ^ U into the topological space U, and an arrow {ip,f) into /. 

This fibered category BG (Top) has the property that each of its arrows is 
cartesian. 

Example 3.19. Here is an interesting example, suggested by one of the par- 
ticipants in the school. Consider the forgetful functor F : (Top) — > (Set) that asso- 
ciates with each topological space X its underlying set FX, and to each continuous 
function the function itself. 

I claim that this makes (Top) fibered over (Set). Suppose that you have a 
topological space Y, a set U and a fimction f:U^ FY. Denote by X the set 
U with the initial topology, in which the open sets are the inverse images of the 
open subsets of Y; this is the coarsest topology that makes / continuous. If T is 
a topological space, a fimction T ^ X is continuous if and only if the composite 
T — > X ^ Y is continuous; this means that / : X — > Y is a cartesian arrow over the 
given arrow f:U^ FY. 

The fiber of (Top) over a set LI is the partially ordered set of topologies on U, 
made into a category in the usual way. 

Notice that in this example the category (Top) has a canonical splitting over 
(Set). 

We are interested in categories of sheaves. The simplest example is the fibered 
category of sheaves on objects of a site, defined as follows. 

Example 3.20. Let C be a site, T its topology. We will refer to a sheaf in the 
category (C/X), endowed with the comma topology (Definition l2.58|l as a sheaf on 
X, and denote the category of sheaves on X by Sh X. 

If / : X — > Y is an arrow in C, there is a corresponding restriction functor 
/* : Sh Y ^ Sh X, defined as follows. 

If F is a sheaf on Y and LI ^ X is an object of (C/X), we define f*F{U 

X) = F{U Y), where U ^ Y is the composite of U ^ X with /. 

If (J — > X and V ^ X are objects of (C/X) and (p: U V is an arrow in 
(C/X), then (p is also an arrow from LI ^ Y to V — > Y, hence it induces a function 
^* : f*F{U ^ X) = F{U ^ Y) ^ F{V ^ Y) = f*F{V X). This gives f*F the 
structure of a functor (C /X)°P (Set) . One sees easily that /*F is a sheaf on X. 

If ^: F ^ G is a natural transformation of sheaves on (C/Y), there is an in- 
duced natural transformation f*(j): f*F ^ f*G of sheaves on (C/X), defined in 
the obvious way. This defines a functor /* : Sh Y ^ Sh X. 

It is immediate to check that, if / : X Y and g: Y ^ Z are arrows in C, 
we have an eijMflZzYy of functors (g/)* = f*g*' (C/Z) —> (C/X). Furthermore 
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idx : Sh X — > Sh X is the identity. This means that we have defined a functor from 
C to the category of categories, sending an object X into the category of sheaves 
on (C/X). According to the result of !13.1.3[ this yields a category (Sh/C) C, 
whose fiber over X is Sh X. 

There are many variants on this example, by considering sheaves in abelian 
groups, rings, and so on. 

This example is particularly simple, because it is defined by a functor. In most 
of the cases that we are interested in, the sheaves on a given object will be defined 
in a site that is not the one inherited from the base category C; this creates some 
difficulties, and forces one to use the unpleasant machinery of pseudo-functors. 
On the other hand, this discrepancy between the topology on the base and the 
topology in which the sheaves are defined is what makes descent theory for quasi- 
coherent sheaves so much more than an exercise in formalism. 

Let us consider directly the example we are interested in, that is, fibered cate- 
gories of quasi-coherent sheaves. 

3.2.1. The fibered category of quasi-coherent sheaves. Here C will be the cat- 
egory (Sch/ S) of schemes over a fixed base scheme S. For each scheme U we 
define QCoh(Lr) to be the category of quasi-coherent sheaves on U. Given a mor- 
phism /: U ^ V,we have a functor /* : QCoh(y) QCoh(iJ). Unfortunately, 

given two morphisms U A V ^ W, the pullback {gf)* : QCoh(W) QCoh(!J) 
does not coincide with the composite f*g* : QCoh( W) — > QCoh(JJ), but it is only 
canonically isomorphic to it. This may induce one to suspect that we are in the 
presence of a pseudo-functor; and this is indeed the case. 

The neatest way to prove this is probably by exploiting the fact that the push- 
forward/* : QCoh(LJ) —> QCoh(y) is functorial, that is, (gf)* equals gt.f* on the 
nose, and /* is a left adjoint to /*. This means that, given quasi-coherent sheaves 
^A onU and Af on V, there is a canonical isomorphism of groups 

@f{M,M): Homoy {M, f,M) - Homo^ (/* A/", M ) 

that is natural in AA and J\f. More explicitly, there are two functors 

QCoh(JJ)°P X QCoh(y) — > (Grp) 

defined by 

{M,Af) ^ nomoy{M,f,M) 

and 

{M,Af) ^ Homoy(/*A/',7W); 

then &jr defines a natural isomorphism from the first to the second. 

Equivalently, if a : Ai' and [i: J\f ^ N' are homomorphisms of quasi- 

coherent sheaves on LI and V respectively, the diagrams 

&f{N,M) 

Uomoy {Af, UM) — > Homo^, {f*M, M ) 

ftx°— 

@f{Af,M') 

Uomoy{J^,f*M')— >Homo^j{f*M,M') 
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and 

@f{j\r',M) 



-0/3 



&f(^f,M) 

nomoy{J^,f*M) — > Homo^(/W,A^) 

commute. 

If Lf is a scheme over S and Af a quasi-coherent sheaf on Lf, then the pushfor- 
ward functor (idy)* : QCoh(!J) QCoh(!J) is the identity (this has to be inter- 
preted hterally, I am not simply asserting the existence of a canonical isomorphism 
between (id[j)* and the identity on QCoh(/J)). Now, if is a quasi-coherent 
sheaf on U, there is a canonical adjunction isomorphism 

0idu(M-): UomoJM,{idu)*-) =liomoJM,-) ^Homo^{id*uM,-) 

of functors from QCoh(U) to (Set). By the dual version of Yoneda's lemma (Re- 
mark |2]T0| this corresponds to an isomorphism e(j(A1): id^AI ~ A4. This is 
easily seen to be functorial, and therefore defines an isomorphism 

^U- idji ^ idQCoh(U) 

of fimctors from QCoh(Lr) to itself. This isomorphism is the usual one: a section 
s e M{A), for some open subset A C U, yields a section id^s G A^(idy^A) = 
M{A), and eu{M.) sends id^s to s. This is the first piece of data that we need. 

/ s 

For the second, consider two morphisms U ^ V — > W and a quasi-coherent 
sheaf V on W. We have the chain of isomorphisms of functors QCoh(!J) — > (Grp) 

HomcJ(g/)*P, -) c Homoy^iV, {gf),-) (this is @gf{V, -)-') 
= Homo„{V,g*f*-) 

~ Homo^{g*VJ,-) (this is @g{VJ,-)) 

~ Homo^{g*f*V, -) (this is @f{g*V, -)); 

the composite 

®f{g*r, -) o SsiVJ,-) o QgfiV, : 

HomoJigfrV,-) c^HomoM*rV,-) 

corresponds, again because of the covariant Yoneda lemma, to an isomorphism 
oif^g{V): f*g*V ~ ig/yP- These give an isomorphism ajr^g-. f*g* ~ (gf)* of 
functors QCoh( W) QCoh(Lr). Once again, this is the usual isomorphism: given 
a section s G 'P{A) for some open subset A C W, there are two sections 

{gfYs e igfyviigfr'A) = igfrnr'g-'A) 

and 

rg*s e f*g*Vif-'g-'Ay, 
the isomorphism oif^^{V) sends f*g*s into {gf)*s. Since the sections of type {gf)*s 
generate {gf )*V as a sheaf of Oy-modules, this characterizes OLf^^{V) imiquely 

We have to check that the eu and satisfy the conditions of Definition 13. 101 
This can be done directly at the level of sections, or using the definition of the two 
isomorphisms via the covariant Yoneda lemma; we will follow the second route. 
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Take a morphism of schemes f:U^ V. We need to prove that for any quasi- 
coherent sheaf J\f on V we have the equality 

«id„,/(AA) = euif*M) : id*uf*Af f*Af. 

This is straightforward: by the covariant Yoneda lemma, it is enough to show that 
oi-idjjji-N') and eu{f*J\f) induce the same natural transformation 

Homo J/ -) Homo^{id*uf*Af, - ). 

But by definition the natural transformation induced by ejj {f*JV) is 

©idJ/W,-), 

while that induced by oc^^^jjiJ^) is 

©id^aW,-) o0^(AA,(idu)*-) o0^(Ar,-)-i = 0id^(/W,-). 

Similar arguments works for the second part of the first condition and for the 
second condition. 

The fibered category on (Sch/S) associated with this pseudo-functor is the 
fibered category of quasi-coherent sheaves, and will be denoted by (QCoh/ S) — > 
(Sch/S). 

There are many variants on this example. For example, one can define the 
fibered category of sheaves of C-modules over the category of ringed topological 
spaces in exactly the same way. 

3.3. Categories fibered in groupoids 

Definition 3.21. A category fibered in groupoids over C is a category !F fibered 
over C, such that the category J^(U) is a groupoid for any object Lf of C. 

In the literature one often finds a different definition of a category fibered in 
groupoids. 

Proposition 3.22. Let The a category over C. Then T is fibered in groupoids over 
C if and only if the following two conditions hold. 

(i) Every arrow in T is cartesian. 

(ii) Given an object rj of J- and an arrow f: U pj^t] of C, there exists an arrow 
(p: ^ ^ rj of T with pj7(p = f. 

Proof. Suppose that these two conditions hold: then clearly is fibered over 
C. Also, ii cp: ^ rj is an arrow of T{U) for some object U of C, then we see 
from condition 13.221 lUll that there exists an arrow ip: r] ^ ^ with pj^ip = idu and 
^ip = idfj; that is, every arrow in J-{U) has a right inverse. But this right inverse ip 
also must also have a right inverse, and then the right inverse of ip must be cp. This 
proves that every arrow in T{U) is invertible. 

Conversely, assume that JF is fibered over C, and each T{U) is a groupoid. 
Condition is trivially verified. To check condition Q, let ^ : ^ ^ ?/ be an arrow 
in C mapping to /: U — > V ir\C. Choose a pullback ^': f — > ?/ of to LI; by 
definition there will be an arrow a : ^ — > f ' in T{U) such that (p'a. = (p. Since T{U) 
is a a groupoid, a will be an isomorphism, and this implies that (p is cartesian. ^ 

Corollary 3.23. Any base-preserving functor from a fibered category to a category 
fibered in groupoids is a morphism. 
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Proof. This is clear, since every arrow in a category fibered in groupoids is 
cartesian. 4 



Of the examples of Section 13.21 13.151 and 13.171 are not in general fibered in 
groupoids, while the classifying stack of a topological group introduced in 13.181 
is always fibered in groupoids. 

3.4. Functors and categories fibered in sets 

The notion of category generalizes the notion of set: a set can be thought of as 
a category in which every arrow is an identity. Furthermore functors between sets 
are simply functions. 

Similarly, fibered categories are generalizations of functors. 

Definition 3.24. A category fibered in sets over C is a category T fibered over 
C, such that for any object LI of C the category JF(JJ) is a set. 

Here is a useful characterization of categories fibered in sets. 

Proposition 3.25. Let T he a category over C. Then T is fibered in sets if and 
only if for any object rj of T and any arrow f : U ^ pjrrj of C, there is a unique arrow 
<p:!,^r]ofT with p/^ = f. 

Proof. Suppose that is fibered in sets. Given f] and f:U^ pjrrj as above, 
pick a cartesian arrow ^ —■ t] over /. If f ' — s- is any other arrow over /, by 
definition there exists an arrow ^' — > ^ in J^{U) making the diagram 

- 

\ / 

commutative. Since ^{U) is a set, it follows that this arrow ^' ^ ^ is the identity, 
so the two arrows ^ ^ rj and ^' ^ rj coincide. 

Conversely, assume that the condition holds. Given a diagram 




the condition implies that the only arrow 6:1,^^ over h makes the diagram 
commutative; so the category J- is fibered. 

It is obvious that the condition implies that J-{U-) is a set for all !J. ^ 

So, for categories fibered in sets the puUback of an object of !F along an arrow 
of C is strictly unique. It follows from this that when !F is fibered in sets over C 
and /: JJ ^ V is an arrow in C, the pullback map /* : J^{V) ^{U) is uniquely 
defined, and the composition rule f*g* = (gf)* holds. Also for any object LI of C 
we have that idy : J'{U) — > J'{U) is the identity. This means that we have defined 
a functor <i>jr : C°P — > (Set) by sending each object U of C to J-(U), and each arrow 
/: U ^ y of C to the function/* : J^{V) J^lu). 



3.4. FUNCTORS AND CATEGORIES FIBERED IN SETS 



57 



Furthermore, if F : — > C/ is a morphism of categories fibered in sets, because 
of the condition that pg o F = pjr, then every arrow in !F{U), for some object Lf of 
C, will be sent to Q{U). So we get a fimction Fy : J-{U) GiU). It is immediate 
to check that this gives a natural transformation (pp : <i>jr . 

There is a category of categories fibered in sets over C, where the arrows are 
morphisms of fibered categories; the construction above gives a functor from this 
category to the category of functors C°P (Set). 

Proposition 3.26. This is an equivalence of the category of categories fibered in 
sets over C and the category of functors C°P — > (Set). 

Proof. An inverse functor is obtained by the construction of i l3.1.3l Consider 
a functor O: C°P (Set): we construct a category fibered in sets J-^ as follows. 
The objects of J-^ will be pairs (Lf, f ), where U is an object of C, and ^ e OLI. An 
arrow from {U,^) to {V,r]) is an an arrow f:ll^VoiC with the property that 
^frj = ^. It follows from Proposition |325] that jr<j, is fibered in sets over C. 

With each natural transformation of functors ^ : O — > O' we associate a mor- 
phism F^ : T,^ T^i. An object (LI, ^) of will be sent to (U, (pu^). An arrow 
/: (!i, ^) — > (y, f/) in J-^ is is simply an arrow /: U ^ V in C, with the property 
that <$'f{r]) = ^. This implies that ^'{f)(pv{v) = 'Pu^if) il) = <pv^, so the same / 
will yield an arrow / : {U,(pu^) —>■ {V,(pvri). 

We leave it the reader to check that this defines a functor from the category of 
functors to the category of categories fibered in sets. 4> 

So, any functor C°P (Set) will give an example of a fibered category over C. 

Remark 3.27. It is interesting to notice that if F: C°P (Set) is a functor 
and !F ^ C the associated category fibered in sets, then an object (X, ^) of is 
universal pair for the fimctor F if and only if it is a terminal object for J-. Hence F 
is representable if and only if J- has a terminal object. 

In particular, given an object X of C, we have the representable functor 

hx:C°P^(Set), 

defined on objects by the rule hxU = HomdU, X). The category fibered in sets 
over C associated with this functor is the comma category (C/X), and the functor 
{C/X) C is the functor that forgets the arrow into X. 

So the situation is the following. From Yoneda's lemma we see that the cate- 
gory C is embedded into the category of functors C°P (Set), while the category 
of functors is embedded into the category of fibered categories. 

From now we will identify a functor F : C°P (Set) with the corresponding 
category fibered in sets over C, and will (inconsistently) call a category fibered in 
sets simply "a functor". 

3.4.1. Categories fibered over an object. 

Proposition 3.28. Let Q be a category fibered in sets over C, T another category, 
V: T ^ Q a functor. Then T is fibered over Q if and only if it is fibered over C via the 
composite pg o F : T —>■ C. 

Furthermore, T is fibered in groupoids over Q if and only if it fibered in groupoids 
over C, and is fibered in sets over Q if and only if it fibered in sets over C. 
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Proof. One sees immediately that an arrow of T is cartesian over its image 
in Q if and only if it is cartesian over its image in C, and the first statement follows 
from this. 

Furthermore, one sees that the fiber of T over an object LT of C is the disjoint 
union, as a category, of the fibers of T over all the objects of Q over Lf; these fiber 
are groupoids, or sets, if and only if their disjoint imion is. ^ 

This can be used as follows. Suppose that S is an object of C, and consider the 
category fibered in sets (C/S) C, corresponding to the representable functor 
hg : C°P (Set). By Proposition |3.28[ a fibered category !F ^ (C/S) is the same 
as a fibered category J- ^ C, together with a morphism (C/S) of categories 
fibered over C. 

In particular, categories fibered in sets correspond to functors; hence we get 
that giving a fimctor (C/S)°P (Set) is equivalent to assigning a fimctor C°P 
(Set) together with a natural transformation F ^ hg. Describing this process for 
functors seems less natural than for fibered categories in general. 

Given a functor F: (C/S)°P (Set), this corresponds to a category fibered in 
sets F (C/S), which can be composed with the forgetful functor (C/S) C 
to get a category fibered in sets F ^ C, which in turn corresponds to a functor 
F' : C°P (Set) . What is this functor? One minute's thought will convince you 
that it can be described as follows: F'(U) is the disjoint union of the F(U — > S) for 
all the arrows U — > S in C. The action of F' on arrows is the obvious one. 

3.4.2. Fibered subcategories. 

Definition 3.29. Let — > C be a fibered category. A fibered subcategory Q of 
is a subcategory of J-, such that the composite Q ^ !F ^ C makes Q into a 
fibered category over C, and such that any cartesian arrow in Q is also cartesian in 

The last condition is equivalent to requiring that the inclusion Q ^ J-" is a 
morphism of fibered categories. 

Example 3.30. Let ^ C be a fibered category, Q a full subcategory of !F, 
with the property that if t] is an object of Q and ^ ^ t] is a cartesian arrow in J-', 
then ^ is also is Q. Then ^ is a fibered subcategory of !F; the cartesian arrows in Q 
are the cartesian arrows in J- whose target is in (/. 

So, for example, the category of locally free sheaves is a fibered subcategory of 
the fibered category (QCoh/ S) over (Sch/ S). 
Here is an interesting example. 

Definition 3.31. Let .7-" — > C be a fibered category. The category fibered in 
groupoids associated with T is the subcategory JFcart of T , whose objects are all the 
objects of T , and whose arrows are the cartesian arrows of T . 

Proposition 3.32. If T ^ C is a fibered category, then Tcart C is fibered in 
groupoids. 

Furthermore, if F: Q !F is a morphism of fibered categories and Q is fibered in 
groupoids, then the image ofF is in J^cart- 

The proof is immediate from Proposition |322] and from Proposition 13 .41 lHHl . 
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3.5. Equivalences of fibered categories 

3.5.1. Natural transformations of functors. The fact that fibered categories 
are categories, and not functors, has strong implications, and does cause difficul- 
ties. As usual, the main problem is that functors between categories can be isomor- 
phic without being equal; in other words, functors between two fixed categories 
form a category, the arrows being given by natural transformations. 

Definition 3.33. Let T and Q be two categories fibered over C,V,G: T ^ Q 
two morphisms. A base-preserving natural transformation a: F G is a natural 
transformation such that for any object f of J^, the arrow : — > is in t/(Lf), 

where U ^' pjr^ = pg(F^) = pg{G^). 

An isomorphism ofF with G is a base-preserving natural transformation F ^ G 
which is an isomorphism of functors. 

It is immediate to check that the inverse of a base-preserving isomorphism is 
also base-preserving. 

There is a category whose objects are the morphism from to Q, and the 
arrows are base-preserving natural transformations; we denote it by Hom^ {J^,G)- 

3.5.2. Equivalences. 

Definition 3.34. Let and Q be two fibered categories over C. An equiva- 
lence, of !F with ^ is a morphism F: !F ^ Q, such that there exists another mor- 
phism G : ^ — > .F, together with isomorphisms of G o f with idjr and of f o G with 
idQ. 

We call G simply an inverse to F. 

Proposition 3.35. Suppose that T , T' , Q and Q' are categories fibered over C. 
Suppose that F: !F' ^ T and G: Q ^ Q' are equivalences. Then there an equivalence of 
categories 

Homc(.F, G) HomciJ^', G') 
that sends each ^: ^ G into the composite 

Go^oF:T' — >G'. 
The proof is left as an exercise to the reader. 

The following is the basic criterion for checking whether a morphism of fibered 

categories is an equivalence. 

Proposition 3.36. Let F: ^ G be a morphism of fibered categories. Then F 
is an equivalence if and only if the restriction Fu- ^{U) — > G{U) is an equivalence of 
categories for any object U ofC. 

Proof. Suppose that G: G is an inverse to F; the two isomorphisms 

F o G ^ idg and G o F ^ idjr restrict to isomorphisms Fu o Gjj ^ ^^g(u) 
Glt °Pu — id:r(u)/ so Gjj is an inverse to Fu. 

Conversely, we assume that Fjj : J-{U) — > G{U) is an equivalence of categories 
for any object Lf of C, and construct an inverse G: G T. Here is the main fact 
that we are going to need. 

Lemma 3.37. LetF:T^Gbea morphism of fibered categories such that every 
restriction Fu'- ^{U) G{U) is fully faithful. Then the functor F is fully faithful. 
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Proof. We need to show that, given two objects ^' and rj' of J- and an arrow 
(p: F^' — > Frj' in Q, there is a unique arrow (p' : ^' — > f]' in !F with Fcp' = (p. Set 
^ = F^' and t] = Ft]'. Let t][ tj' he a pullback of t]' to U, //i = Fr][. Then 
the image ?/i f] of t]'^ — > ?/' is cartesian, so every morphism ^ ^ t] factors 
uniquely as ^ ^ t]i ^ t], where the arrow ^ rji is in Q{U). Analogously all 
arrows ^' rj' factor uniquely through since every arrow I, ^ rji in Q{U) lifts 
uniquely to an arrow ^' t]'-^ in J^{U), we have proved the Lemma. ^ 



For any object ^ of Q pick an object of J^{U), where U = pg^, together 
with an isomorphism oc^: ^ ~ F{G^) in Q{U); these and exist because 
f(i : J^{U) G{U) is an equivalence of categories. 

Now, if ^ : ^ is an arrow in Q, by the Lemma there is a unique arrow 

G(^ : Gf Gt] such that F{G(p) = dyj o (po a^^, that is, such that the diagram 



H 



F{GO^^F{Grj) 



commutes. 

These operations define a functor G: Q J-. It is immediate to check that 
by sending each object f to the isomorphism cc^^: I, ^ f (G^) we define an isomor- 
phism of functors idjr c^FoG:Q^Q. 

We only have left to check that G o f : JF ^ is isomorphic to the identity 

idjF. 

Fix an object ^' of T over an object !J of C; we have a canonical isomorphism 
DL-pi^t : F^' ~ F{G{F^')) in G{U). Since Fjj is fully faithful there is a unique isomor- 
phism (6^/ : ^' ~ G(F^') in J-[U) such that F/5j^/ = a^j/; one checks easily that this 
defines an isomorphism of functors /5 : G o F ~ idg. 4l> 



3.5.3. Categories fibered in equivalence relations. As we remarked in ^3A\ 
the notion of category generalizes the notion of set. 

It is also possible to characterize the categories that are equivalent to a set: 
these are the equivalence relations. 

Suppose that R C X x X is an equivalence relation on a set X. We can produce 
a category (X, R) in which X is the set of objects, R is the set of arrows, and the 
source and target maps R ^ X are given by the first and second projection. Then 
given X and y in X, there is precisely one arrow {x,y) if x and y are in the same 
equivalence class, while there is none if they are not. Then transitivity assures us 
that we can compose arrows, while reflexivity tell us that over each object x G X 
there is a unique arrow {x,x), which is the identity. Finally symmetry tells us that 
any arrow {x,y) has an inverse {y,x). So, (X, R) is groupoid such that from a given 
object to another there is at most one arrow. 

Conversely, given a groupoid such that from a given object to another there 
is at most one arrow, if denote by X the set of objects and by R the set of arrows, 
the source and target maps induce an injective map R ^ X x X, which gives an 
equivalence relation on X. 
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So an equivalence relation can be thought of as a groupoid such that from 
a given object to another there is at most one arrow. Equivalently, an equivalence 
relation is a groupoid in which the only arrow from an object to itself is the identity. 

Proposition 3.38. A category is equivalent to a set if and only if it is an equivalence 
relation. 

Proof. If a category is equivalent to a set, it is immediate to see that it is an 
equivalence relation. If {X,R) is an equivalence relation and X/i? is the set of 
isomorphism classes of objects, that is, the set of equivalence classes, one checks 
easily that the function X ^ X / R gives a fimctor that is fully faithful and essen- 
tially surjective, so it is an equivalence. tft 

There is an analogous result for fibered categories. 

Definition 3.39. A category !F over C is a quasi-functor, or is fibered in equiva- 
lence relations, if it is fibered, and each fiber J-'{U) is an equivalence relation. 

We have the following characterization of quasi-functors. 

Proposition 3.40. A category T over C is a quasi-functor if and only if the follow- 
ing two conditions hold. 

(i) Given an object rj of !F and an arrow f: 11 ^ pj^t] of C, there exists an arrow 
(p: ^ — > rj of J- with p j^cp = /. Furthermore, given any other arrow <p' : ^' ^ r] 
with pj^cj)' = f, there exists a: ^ ^ ^' in J-{U) such that (p'a = (p. 

(ii) Given two objects ^ and rjofJ- and an arrow f: p^r^ ^ pj^rj ofC, there exists at 
most one arrow ^ ^ rj over f. 

The easy proof is left to the reader. 

Proposition 3.41. A fibered category over C is a quasi-functor if and only if it is 
equivalent to a functor. 

Proof. This is an application of Proposition l3.36l 

Suppose that a fibered category J-" is equivalent to a fimctor <I>; then every 
category !F{U) is equivalent to the set OLT, so is fibered in equivalence relations 
over C by Proposition l3.38l 

Conversely, assume that !F is fibered in equivalence relations. In particular 
it is fibered in groupoids, so every arrow in JT is cartesian, by Proposition 13.221 
For each object L7 of C, denote by OH the set of isomorphism classes of elements 
in J-{U). Given an arrow /: U — > V in C, two isomorphic objects rj and rj' of 
J'{V), and two pullbacks ^ and ^' of ?/ and rj' to J-{11), we have that ^ and ^' 
are isomorphic in J-{U); this gives a well defined function /* : <i>V OH that 
sends an isomorphism class [tj] in J^{V) into the isomorphism class of pullbacks 
of rj. It is easy to see that this gives <I> the structure of a functor C°P (Set). If 
we think of <I> as a category fibered in sets, we get by construction a morphism 
^ O. Its restriction J^{11) OJJ is an equivalence for each object LI of C, so by 
Proposition l3.36l the morphism ^ O is an equivalence. 4|b 

Here are a few useful facts. 

Proposition 3.42. 

(i) IfQ is fibered in groupoids, then Hom^ {J^, Q) is a groupoid. 

(ii) IfQ is a quasi-functor, then Homc(.F, Q) is an equivalence relation. 
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(iii) IfQ is a functor, then Homc{J-,G) is a set. 
We leave the easy proofs to the reader. 

In 2-categorical terms, part lUiit says that the 2-category of categories fibered 
in sets is in fact just a 1-category, while part ^ says that the 2-category of quasi- 
functors is equivalent to a 1-category. 

3.6. Objects as fibered categories and the 2-Yoneda Lemma 

3.6.1. Representable fibered categories. In i l2.1l we have seen how we can 
embed a category C into the functor category Hom(C°P, (Set)), while in i i3.4l we 
have seen how to embed the category Hom (C°P, (Set) ) into the 2-category of fibered 
categories over C. By composing these embeddings we have embedded C into the 
2-category of fibered categories: an object X of C is sent to the fibered category 
(C/X) C. Furthermore, an arrow f: X ^ Y goes to the morphism of fibered 
categories (C//) : (C/X) (C/Y) that sends an object U ^ X ot (C/X) to the 

composite U ^ X ^ Y. The functor {C/ f) sends an arrow 

U >V 

\ / 
X 

of (C/X) to the commutative diagram obtained by composing both sides with 

/: X ^ y. 

This is the 2-categorical version of the weak Yoneda lemma. 

The weak 2- Yoneda Lemma. The function that sends each arrow f: X ^ Y to 
the morphism [C/f): (C/X) — > (C/Y) is a bijection. 

Definition 3.43. A fibered category over C is representable if it is equivalent 
to a category of the form (C/X). 

So a representable category is necessarily a quasi-functor, by Proposition l3.41l 
However, we should be careful: if J- and Q are fibered categories, equivalent to 
(C/X) and (C/Y) for two objects X and Y of C, then 

Hom(X, Y) = Hom((C/X), (C/Y)), 
and according to Proposition |3.35| we have an equivalence of categories 

Hom((C/X),(C/Y)) ^Homc(^,g); 
but Home {^,G) need not be a set, it could very well be an equivalence relation. 

3.6.2. The 2-categorical Yoneda lemma. As in the case of functors, we have 
a stronger version of the 2-categorical Yoneda lemma. Suppose that JF is a cate- 
gory fibered over C, and that X is an object of C. Let there be given a morphism 
F: (C/X) ^ J-; with this we can associate an object F(idx) G J'{X)- Also, to each 
base-preserving natural transformation a : f ^ G of functors F, G : (C/X) J- 
we associate the arrow ajj^ : F(idx) G(idx)- This defines a fimctor 

Home ((C/X), jr) — > T(X). 
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Conversely, given an object ^ e ^{X) we get a functor F^: (C/X) as 
follows. Given an object ^: U ^ X of (C/X), we define F^{(p) = (p*^ e J^{U); 
with an arrow 

/ 



X 

in (C/X) we associate the only arrow 6 : (p*^ tp*^ in .F(JJ) making the diagram 




commutative. We leave it to the reader to check that is indeed a fxmctor. 
2-YONEDA Lemma. The two functors above define an equivalence of categories 
Home ((C/X), .F) c^.F(X). 



Proof. To check that the composite 

^(X) ^ Home ((C/X), ^) 



is isomorphic to the identity, notice that for any object ^ G •^(^)/ the composite 
applied to ^ yields Fj(idx) — idx^, which is canonically isomorphic to ^. It is easy 
to see that this defines an isomorphism of fimctors. 
For the composite 

Home ((C/X), jr) — , ^(x) — > Home ((C/X), jr) 

take a morphism F: (C/X) and set f — F(idx). We need to produce a base- 
preserving isomorphism of functors of F with F^ . The identity idx is a terminal 
object in the category (C/X), hence for any object cp: U ^ X there is a ujnique 
arrow cp idx, which is clearly cartesian. Hence it will remain cartesian after 
applying F, because F is a morphism: this means that F{cp) is a pullback of ^ = 
F(idx) along ^: !J ^ X, so there is a canonical isomorphism F^{(p) = (p*^ ~ F{(p) 
in J^{U). It is easy to check that this defines a base-preserving isomorphism of 
functors, and this ends the proof. 4 

We have identified an object X with the functor hx : C°P (Set) it represents, 
and we have identified the fimctor hx with the corresponding category (C/X): so, 
to be consistent, we have to identify X and (C/X). So, we will write X for (C/X). 

As for fimctors, the strong form of the 2-Yoneda Lemma can be used to refor- 
mulate the condition of representability. A morphism {C/X) ^ T corresponds to 
an object f G T{X), which in turn defines the functor F' : (C/X) T described 
above; this is isomorphic to the original fimctor F. Then F' is an equivalence if and 
only if for each object U of C the restriction 

F'u-. Homc(li,X) = (C/X)(LJ) T(\X) 
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that sends each f : U ^ X to the puUback f*^ E J-{U), is an equivalence of 
categories. Since Homc(ii, X) is a set, this is equivalent to saying that J-{U) is a 
groupoid, and each object of ^{U) is isomorphic to the image of a unique element 
of Home ( LI, X) via a unique isomorphism. Since the isomorphisms p c:^ f* ^ in U 
correspond to cartesian arrows p ^ ^, and in a groupoid all arrows are cartesian, 
this means that J-" is fibered in groupoids, and for each p E ^{U) there exists a 
unique arrow p ^ ^. We have proved the following. 

Proposition 3.44. A fibered category T over C is representable if and only if !F is 
fibered in groupoids, and there is an object UofC and an object ^ of J-{U), such that for 
any object p of !F there exists a unique arrow p ^ ^ in T . 

3.6.3. Splitting a fibered category. As we have seen in Example l3.14[ a fibered 
category does not necessarily admit a splitting. However, a fibered category is 
always equivalent to a split fibered category. 

Theorem 3.45. Let T ^ Cbe a fibered category. Then there exists a canonically 
defined split fibered category T ^ C and an equivalence of fibered categories of T with T. 

Proof. In this proof, if U is an object of C, we will identify the functor h(j 
with the comma category (C/LJ). We have a functor Hom(— , .F): C°P — > (Cat) 
from the category C°P into the category of all categories. If U is an object of C this 
functor will send JJ into the category Hom^j (h(j, of base-preserving natural 
transformations. An arrow M corresponds to a natural transformation h(j — > 
hy, and this induces a functor Homj^ (hy , T) — > Hom^ (h(j, T) . 

Let us denote by J- the fibered category associated with this functor: by defi- 
nition, comes with a splitting. There is an obvious morphism T ^ T , sending 
an object <fi: h(j J- into <^(id(j) E J-{U). According to the 2-Yoneda Lemma, 
and the criterion of Proposition l3.36[ this is an equivalence. 4> 

It is an interesting exercise to figure out what this construction yields in the 
case of a surjective group homomorphism G — > H, as in Example l3.14l 



3.7. The functors of arrows of a fibered category 

Suppose that JF ^ C is a fibered category; if LI is an object in C and ^, i] are 
objects of J^{U), we denote by Homu(f, rj) the set of arrows from ^,ior}vn J^{U). 

Let f and rj be two objects of over the same object S of C Let u\ : Ui ^ S 
and U2 : U2 ^ S he arrows in C; these are objects of the comma category (C/S). 
Suppose that ^/ — > ^ and ?// — > tj are puUbacks along Uj : Ui ^ S for / = 1, 2. For 
each arrow /: Ui U2 in {C / S), by definition of pullback there are two arrows, 
each unique, ocjr: — ^2 and fijr: tji r]2, such that and the two diagrams 

at 

^1 — ii and m — m 

\ / \ / 

? J/ 

commute. By Proposition 13.41 dull the arrows Oij and f)j are cartesian; we define a 
pullback function 

/*: Hom[i2(^2,'?2) — > Hom[ij(^i,;/i) 
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in which f*(p is defined as the only arrow f*(p: — > yji in J-{Ui) making the 
diagram 



^ (* " 

commute. If we are given a third arrow g: U2 in {C / S) with pullbacks 

^3 ^ ^ and rjT, rj, we have arrows : ^2 ^ ?3 and fig-tl2^V3' it is immediate 
to check that 

tXgf = ocgoocf. — > ^3 and = ^go ^f. t]i — > i^^ 

and this implies that 

isfT =f*g*- Homu3(^3,)/3) — > Homuj(^i,)/i). 

After choosing a cleavage for JF, we can define a functor 

Horns (^,?/): (C/S)°P ^ (Set) 

by sending each object u: U ^ S into the set Hom(j(u*^, u*?/) of arrows in the 
category !F{U). An arrow /: Ui — > U2 from uj : Hi ^ S to M2 : !J2 ^ S yields a 
function 

/*: Homu2(w2^,M2'?) — > Homuj (mJ^, mJj/); 
and this defines the effect of Hom ^fc^, rj) on arrows. 

It is easy to check that the functor Hom g )/) is independent of the choice of 
a cleavage, in the sense that cleavages give canonically isomorphic fimctors. Sup- 
pose that we have chosen for each /: U ^ V and each object ^ in J'{V) another 
pullback /^^ ^ ^: then there is a canonical isomorphism u*rj ~ r] vn J- {U) for 
each arrow u: U ^ S, and this gives a bijective correspondence 

Homu{u*^,u*t]) ~ Homu(M^^,M^^), 

yielding an isomorphism of the functors of arrows defined by the two pullbacks. 
In fact. Hom y (^, //) can be more naturally defined as a quasi-fimctor 

-Honisi^,!]) (C/S); 

this does not require any choice of cleavages. 

From this point of view, the objects of Tionig (^, tj) over some object u: U ^ S 
of (C/S) are triples 

(^1 — '5,Vi — ' V'4>)' 
where ^1 — > f and yj\ ^ i] are cartesian arrows of J- over u, and ^: — > is 
an arrow in T{U). An arrow from (^1 — > ^, J/i — > ^1) over ui: Ui S and 
(^2 ^'V2 —>■ V' ^2) over M2 : !J2 ^ S is an arrow /: Ui ^ JJ2 in (C/S) such that 
f*4>2 = 4>i- 

From Proposition 13.401 we see that T-Lomg{S,,fj) is a quasi-fimctor over C, and 
therefore, by Proposition 13.411 it is equivalent to a fimctor: of course this is the 
functor Hom y (^, fj) obtained by the previous construction. 

This can be proved as follows: the objects of Homg (^, (7), thought of as a cat- 
egory fibered in sets over (C/S) are pairs {(p,u: U S), where u: U S is 
an object of (C/S) and (p: u*^ u*r] is an arrow in J^{U); this also gives an 
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object {u*^ V''P) of ^oms(^, //) over U. The arrows between ob- 

jects of Hom y rj) are precisely the arrows between the corresponding objects of 
Tlomg{^,r]), so we have an embedding of Homs(^,//) into 7iom^(l,,rj). But ev- 
ery object of Homg rj) is isomorphic to an object of Hom e; tj), hence the two 
fibered categories are equivalent. 

3.8. Equivariant objects in fibered categories 

The notion of an equivariant sheaf of modules on a scheme with the action of a 
group scheme, as defined in |MFK94 Chapter 1, § 3], or in |Tho87|), is somewhat 
involved and counterintuitive. The intuition is that if we are given the action of a 
group scheme G on a scheme X, an equivariant sheaf should be a sheaf !F, together 
with an action of G on the pair (X, which is compatible with the action of G on 
X. Since the pair (X, !F) is an object of the fibered category of sheaves of modules, 
the language of fibered categories is very well suited for expressing this concept. 

Let G: C°P (Grp) be a functor, ^ C a fibered category, X an object of C 
with an action of G (see §2.2.1|l . 

Definition 3.46. A G-equivariant object of JF(X) is an object p of T{X), to- 
gether with an action of G({J) on the set liomjr{^,p) for any f G ^{U), such that 
the following two conditions are satisfied. 

(i) For any arrow cp: ^ —>■ rj of mapping to an arrow f:U^V, the induced 
function (p* : }iomjr{rj, p) Homjr(^, p) is equivariant with respect to the 
group homomorphism /* : G{V) G{U). 

(ii) The function Hom {^,p) — Hom^ ( Li, X ) induced hy p is G{U) -equivariant. 
An arrow u: p ^ a in J-{X) is G-equivariant if it has the property that the induced 
function Homjr(^,|D) Homjr(^,(7') is G( LI) -equivariant for all LI and all ^ e 
T{U). 

The first condition can be expressed by saying that the data define an action 
of G o pjp : !F°V (Grp) on the object p of J-. In other words, for any object ^ of 
!F, the action defines a set theoretic action 

(Gop^)(^)xh,(?)^h,(0 

and this action is required to give a natural transformation of functors J-'"^ — > 
(Set) 

(G opjr) X hp — > hp. 

The second condition can be thought of as saying that the action of G on p is 
compatible with the action of G on X. 

The G-equivariant objects over X are the objects of a category J-'^{X), in which 
the arrows are the equivariant arrows in J^{X). 

It is not hard to define the fibered category of G-equivariant objects of J- over 
the category of G-equivariant objects of C, but we will not do this. 

Now assume that G is a group object in C acting on an object X of C, cor- 
responding to an arrow a : G x X X, as in Proposition 12.161 Take a fibered 
category T ^ C: the category J^^{X) of equivariant objects over X has a different 
description. Choose a cleavage for JF. 

Let p be an object of J^'^{X). Consider the pullback prj p G J^{G x X), and 
the functor hp^* p-. J- ^ (Set) it represents. If (p: £, prj p is an arrow in !F, we 
obtain an arrow ^ ^ jO by composing ^ with the given cartesian arrow pr2 p ^ p, 
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and an arrow pjr^ — > G by composing pj^(p ■ pjr^ G x X with the projection 
G X X — > G. This defines a natural transformation hpr*p ^ (G o p^r) x hp. 

The fact that the canonical arrow p : pr| p ^ p is cartesian implies that each 
pair consisting of an arrow ^ p in and an arrow pjr^ ^ G in C comes from 
a unique arrow ^ pr| p. This means that the natural transformation above is 
in fact an isomorphism hpj-*p ~ (G o pj-) x hp of functors J-°P — > (Set). Hence, 
by Yoneda's lemma, a morphism (Go p^-) x hp — > hp corresponds to an arrow 
/3: prj p p. Condition ^ of Definition 13.461 can be expressed as saying that 
pjr^ = a. 

There are two conditions that define an action. First consider the natural 
transformation hp — > (Go p^^) x hp that sends an object u G hp(^) to the pair 
(1, u) E G(pjf^) x hp(f ); this corresponds to an arrow Cp-. p ^ pr| p, whose com- 
posite with p : pr| p ^ p is the identity idp, and whose image in C is the arrow 
ex:X^ = ptxX^GxX induced by eg : pt ^ G. Since p is cartesian, these two 
conditions characterize Cp uniquely. 

The first condition that defines an action of (G o p^r) on p (see Proposition l2.16t 
is that the composite hp ^ (Go pjp) x hp ^ hp be the identity; and this is equiva- 
lent to saying that the composite /5 o ep : p ^ pis the identity idp. 

The second condition can be expressed similarly. The functor 



(G o PJ-) X (G o p_^) X hp : — > (Grp) 



is represented by the pullback prj p of p along the third projection prg : G x G x 
X — > X. Now, given any arrow / :GxGxX— > GxX whose composite with 
prj : F X X — > X equals pr2 : G x G x X ^ X, there is a unique arrow / : pr^ p 
PIP mapping to /, such that the composite p o / : prg p ^ p equals the canonical 
arrow q : pr^ p ^ p. Then it is an easy matter to convince oneself that the second 
condition that defines an action is equivalent to the commutativity of the diagram 



(3.8.1) 



^ mcxidx a, 
Prs P > Wl P 



pr^ p > p 



This essentially proves the following fact (we leave the easy details to the 
reader). 

Proposition 3.47. Let p he an object of J^{X). To give p the structure of a G- 
equivariant object is the same as assigning an arrow /5: prjp p with pj^ji = a, 
satisfying the following two conditions. 

(i) ^o£p= idp 

(ii) The diagram ( I3.8.2P commutes. 

Furthermore, if p and p' are G-equivariant objects, and we denote by /3 : pr| p ^ p 
and jS': pr2p' p' the corresponding arrows, then u: p ^ p' is G-equivariant if and 
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only if the diagram 

pr| p — — > p 

pr| u u 
I}' ^ 

p4p'^p' 

commutes. 

This can be restated further, to make it look more like the classical definition 
of an equivariant sheaf. First of all, let us notice that if an arrow fi : prj p ^ p 
corresponds to a G-equivariant structure on p, then it is cartesian. This can be 
shown as follows. 

There is an automorphism z of G x X, defined in functorial terms by the equa- 
tion i{g, x) = {g~^,gx) whenever U is an object oiC,g E G{U) and x E X{U); this 
has the property that 

ptj oi = a: G X X — > X. 

Analogously one can use the action of (G o p-p) on p to define an automorphism 
/ of (G o pjt) X hp, hence an automorphism of pr2 p, whose composite with the 
canonical arrow p : prj p ^ p equals j6. Since / is an isomorphism, hence is carte- 
sian, the canonical arrow p is cartesian, and the composite of cartesian arrow is 
cartesian, it follows that j6 is cartesian. 

Now, start from a cartesian arrow /5 : pr| p ^ p with Pjf/5 — a. Assume that the 
diagram 113.8. Il l is commutative. I claim that in this case we also have j6 o — idp. 
This can be checked in several ways: here is one. 

The arrow j6 corresponds to a natural transformation (G o p^-) x hp — > hp. The 
commutativity of the diagram l|3. 8.111 expresses the fact that {gig2)x = giigi^) for 
any object ^ of J- and any gi, g2 E G(pjF^) and x E hp^. The arrow fi o ep-. p ^ p 
corresponds to the natural transformation hp hp given by multiplication by the 
identity: and, because of the previous identity, this is an idempotent endomor- 
phism of hp. Hence j6 o ep is an idempotent arrow in Homj-(p, p). 

On the other hand. Proposition 13.41 ^ implies that £p is a cartesian arrow, so 
/5 o fp is also cartesian. But f> o Cp maps to idx in C, hence is an isomorphism: and 
the only idempotent isomorphism is the identity. 

This allows us to rewrite the conditions as follows. 

Proposition 3.48. Let p he an object of J^{X). To give p the structure of a G- 
equivariant object is the same as assigning a cartesian arrow /5 : prj p ^ p with pjf/5 = a, 
such that the diagram (I3.8.1I > commutes. 

Furthermore, let p and p' be G-equivariant objects, and denote by j6 : pr| p ^ p and 
/S' : prj p' p' the corresponding arrows. Then u: p ^ p' is G-equivariant if and only 
if the diagram 

pr| p > p 

prj u u 

pr|p' ^p' 



commutes. 
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A final restatement is obtained via a cleavage, in the language of pseudo- 
functors. Recall that an arrow prj p —>^ p mapping to a in C corresponds to an 
arrow fi: (p: pr| p oc*p in .?^(G x X), and that /S is cartesian if and only if cp is an 
isomorphism. 

We also have the equalities 

pr3 — pr2 o(mG x idx) — pr2 o pr23 : G x G x X — > X, 
A = a o (mc X idx) — "co (idc xa):GxGxX^X, 

and 

B = pr2 o(idG X a) — ao pi^ : G x G x X — > X. 
We leave it to the reader to unwind the various definitions and check that the 
following is equivalent to the previous statement. 

Proposition 3.49. Let p be an object of J^(X). To give p the structure of a G- 
equivariant object is the same as assigning an isomorphism <p : pr| p ~ ot*p in !F{Gx X), 
such that the diagram 




commutes. 

When applied to the fibered category of sheaves of some kind (for example, 
quasi-coherent sheaves) one gets precisely the usual definition of an equivariant 
sheaf. 



CHAPTER 4 



Stacks 

4.1. Descent of objects of fibered categories 

4.1.1. Gluing continuous maps and topological spaces. The following is the 
archetypal example of descent. Take (Cont) to be the category of continuous maps 
(that is, the category of arrows in (Top), as in Example l3.151 ; this category is fibered 
over (Top) via the functor P(cont) • (Cont) (Top) sending each continuous map 
to its codomain. Now, suppose that f : X ^ U and g: Y ^ U are two objects of 
(Cont) mapping to the same object LI in (Top); we want to construct a continuous 
map <p: X ^ Y over U, that is, an arrow in (Cont)(JJ) = (Top/LZ). Suppose 
that we are given an open covering {Ui} of Lf, and continuous maps (pi : f^^Ui — > 
g~^Ui over U,; assume furthermore that the restriction of cpi and cpj to f~^{Ui Ci 
Uj) — > g~^{Ui n Uj) coincide. Then there is a unique continuous map (p: X ^ Y 
over U whose restriction to each /^^ JJ,- coincides with <^,. 

This can be written as follows. The category (Cont) is fibered over (Top), and 
if / : y — > JJ is a continuous map, X ^ JJ an object of (Cont)(JJ) = (Top/Li), 
then a puUback of X — Lf to V is given by the projection V Xjj X V. The 
functor /* : (Cont)(!J) (Cont)(V) sends each object X^ LitoVxyX^ V, 
and each arrow in (Top/Li), given by continuous function cp: X ^ Y over U, to 
the continuous function f*(p = idy Xu f- ^^U^^ ^Xu^- 

Suppose that we are given two topological spaces X and Y with continuous 
maps X ^ S and Y — > S. Consider the functor 

Horns (X,Y): (Top/S) — > (Set) 

from the category of topological spaces over S, defined in Section 1371 This sends 
each arrow LI ^ S to the set of continuous maps Hom(j(!J X5 X, Lf Xg Y) over U. 
The action on arrows is obtained as follows: given a continuous function /: V — > 
U over S, we send each continuous function cp: Ux^X^UxgY to the function 

f*cp = idv X cp: V XsX = V xu {U XsX) ^ V xu {U XsY) =V XsY. 

Then the fact that continuous functions can be constructed locally and then 
glued together can be expressed by saying that the functor 

Hom c(X,Y): (Top/S)°P — ^ (Set) 

is a sheaf in the classical topology of (Top). 

But there is more: not only can we construct continuous functions locally: we 
can also do this for spaces, although this is more complicated. 

Proposition 4.1. Suppose that we are given a topological space U with an open 
covering {!J, };/or each triple of indices i, j and k choose fibered products Uij = Ui n Uj 
and Uijif^ = Ui n Uj Ci U}.. Assume that for each i we have a continuous map Ui : X,- Ui, 
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and that for each pair of indices i and j we have a homeomorphism (pjj : Uj Uij ~ m- Uij 
over Uij, satisfying the cocycle condition 

<Pik = 4>ij ° 4'jk- U^^^ijk ' ur^Uijk > U^^Uijk- 

Then there exists a continuous map u: X ^ U, together with isomorphisms (pi : u~^Ui ~ 
Xi, such that (pjj = (pio (p7^ uf^Uij u^^Ujj UjUjjfor all i and j. 

Proof. Consider the disjoint union U' of the Uf, the fibered product U' XuU' 
is the disjoint union of the Uij. The disjoint union X' of the X,, maps to W; consider 
the subset R C X' x X' consisting of pairs {xi,Xj) G X, x Xj C X' x X' such that 
Xi = (pijXj. I claim that R is an equivalence relation in X'. Notice that the cocycle 
condition (pa = (pa o (pa implies that (pa is the identity on X,, and this shows that 
the equivalence relation is reflexive. The fact that — (pij o (pji, and therefore 

(pji — cpjj^, prove that it is symmetric; and transitivity follows directly from the 
general cocycle condition. We define X to be the quotient X' /R. 

If two points of X' are equivalent, then their images in U coincide; so there is 
an induced continuous map u: X ^U. The restriction to X/ C X' of the projection 
X' ^ X gives a continuous map : X, u~^Ui, which is easily checked to be 
a homeomorphism. One also sees that (pij — (pi o (pf^, and this completes the 
proof. 4 

The fact that we can glue continuous maps and topological spaces says that 
(Cont) is a stack over (Top). 

4.1.2. The category of descent data. Let C be a site. We have seen that a 
fibered category over C should be thought of as a functor from C to the category 
of categories, that is, as a presheaf of categories over C. A stack is, morally, a sheaf 
of categories over C. 

Let J^hea category fibered over C. We fix a cleavage; but we will also indicate 
how the definitions can be given without resorting to the choice of a cleavage. 

Given a covering {cr : U, — > U}, set Uij — UiXu Uj and Llj^jt = li, x jj Uj x y LZfc 
for each triple of indices i, j and k. 

Definition 4.2. Let W = {cr, : U, ^ Li} be a covering in C. An object with 
descent data ({^/}, {(pij}) on U, is a collection of objects ^/ G J^{Ui), together with 
isomorphisms (pij : pr| ^j ^ pr| in T{Ui Xu Uj), such that the following cocycle 
condition is satisfied. 

For any triple of indices i, j and k, we have the equality 

PT^*13'P'k = PT^12<Pii ° P^S^jk- P4 ^k ' P4 ^i 

where the pr^j, and pr^ are projections on the fl* and b*^^ factor, or the a* factor 
respectively. 

The isomorphisms (pij are called transition isomorphisms of the object with de- 
scent data. 

An arrow between objects with descent data 

M-i{Ci}A<Pij})^i{vil{1'ii}) 
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is a collection of arrows a, : ^ f/, in J^{Ui), with the property that for each pair 
of indices /, the diagram 

Pri > Vj 

i 'Pit 



convmutes. 



In imderstanding the definition above it may be useful to contemplate the 



cube 
(4.1.1) 



P'"23 




in which all arrows are given by projections, and every face is cartesian. 

There is an obvious way of composing morphisms, which makes objects with 
descent data the objects of a category, denoted by = J^{{Ui LT}). 

Remark 4.3. This category does not depend on the choice of fibered products 
Uij and Uijk, in the sense that with different choices we get isomorphic categories. 

For each object ^ of J^{U) we can construct an object with descent data on 
a covering {cr,: JJ; U} as follows. The objects are the puUbacks cr*^; the iso- 
morphisms (pij : prj cr*^ ~ prj a*^ are the isomorphisms that come from the fact 
that both pr2 cr^^ and pr^ a-f^ are pullbacks of f to Uy. If we identify pr^ cr?^ with 
prj a*^, as is commonly done, then the (pij are identities. 

Given an arrow a: ^ ^ i] in T{U), we get arrows cr*a: cr*^ — > tr*j;, yielding 
an arrow from the object with descent associated with ^ to the one associated with 
f]. This defines a functor J^{U) — > ^({fi,- — i- LI}). 

It is important to notice that these constructions do not depend on the choice 
of a cleavage, in the following sense. Given a different cleavage, for each covering 
{Ui U} there is a canonical isomorphism of the resulting categories J^({!J, — > 
U}); and the functors T{U) J^{{Ui U}) commute with these equivalences. 

Here is a definition of the category of descent data that does not depend on 
choosing of a cleavage. Let {LI,- LI};gj be a covering. We define an object with 
descent data to be a triple of sets 



({?i}iGl' {^ijk}i,j,kel)' 
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where each is an object of J-{lla), plus, for each triple of indices i, j and k, a 
commutative diagram 



I 

^ik ■ 



^^k 



in which every arrow is cartesian, and such that when applying pjr every arrow 
maps to the appropriate projection in the diagram (|4.1.1|l . These form the objects 

of a category Jf^desc({fJi ^ U})- 
An arrow 

mier- {m,Uij},Uijk}) {{vr},{mj},{mjk}) 

consists of set of arrows with (pj : ^, 
indices i and we have 



i]i in J-{Ui), such that for every pair of 



pr* 4>i = pr* (pj : — y rjij. 

Alternatively, and perhaps more naturally, we could define an arrow as a triple 
{{{<Pi}ieh {<Pij}i,jeh {<Pijk}i,j,kei))' where (p^: ^ is an arrow in J^{Ui,) for each 
a in I, I X J or J X I X J, with the obvious compatibility conditions with the various 
arrows involved in the definition of an object. We leave it to the reader to check 
that these two definitions of an arrow are equivalent. 

Once we have chosen a cleavage, there is a fimctor from ^desc({^! ^ ^}) 
toT{{U, ^ U}). Given an object ({f,}, {f,^}, {fy,,}) of J^d,,,{{Ui ^ LI}), the 
arrows ^, and ^/y induce isomorphisms ^ij ~ pr| ^/ and ~ prj ^j; the 

resulting isomorphism pr| pr ^ is easily seen to satisfy the cocycle condition, 
thus defining an object of J-{{Ui — > U}). An arrow {(pi} in J-desci{^i ~* ^}) is 
already an arrow in JF({U, U}). 

It is not hard to check that this functor is an equivalence of categories. 

We can not define a fimctor J-{U) ^descii^i ~^ ^}) directly, without the 
choice of a cleavage. However, let us define another category 

^comp({!i,^ 

in which the objects are quadruples (^, {f/}, {^ij}, {^ijk}))> where ^ is an object of 
J-{U) and each is an object of J-{Ua), plus a commutative cube 




in J- for all the triples of indices, in which all the arrows are cartesian, and whose 
image in C is the cube l|4.1.1|l above. An arrow from {^,{^i},{Cij},{Cijk})) to 
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iV' {Vi}' {Vij}' {Vijk})) can be indifferently defined as an arrow ^ ^ rj in J-{U), 
or as collections of arrows ^ ^ rj, — i- t]i, f ,j — > rjjj and rjiji^ satisfying the 

obvious commutativity conditions. 

There is a functor from J-comp{{Ui U}) to J^{U) that sends a whole object 
{£,, {^i}, {^ij}, {^ijk})) to ^, and is easily seen to be an equivalence. There is also 
a functor from J^com-p{{Ui — U}) to J^desc{{^i ~^ ^}) that forgets the object of 
T{U). This takes the place of the functor from JF(!J) to JF({!J, U}) defined 
using cleavages. 

Remark 4.4. Of course, if one really wants to be consistent, one should not 
assume that the category C has a canonical choice of fibered products, and not 
suppose that the !J,j and the !J,^)f are given a priori, but allow them to be arbitrary 
fibered products. 

The most elegant definition of objects with descent data is one that uses sieves; 
it does not require choosing anything. Let U = {Lf, ^ LI} be a covering in C. The 
sieve h^^ : C°P (Set) is a fimctor, whose associated category fibered in sets is the 
full subcategory of (C/U), whose objects are arrows T ^ U that factor through 
some Ui U. According to our principle that functors and categories fibered in 
sets should be identified, we denote by h^ this category. By the same principle, 
we also denote by hy the category (C/U). 

There is a fimctor Homc(h^,jr) J^desc{^)r defined as follows. Suppose 
that we are given a morphism F : h^^ — > (Set) . For any triple of indices i, j and k 
we have objects Uj U, Ujj U and Ujjk ^ LI of hj^, and each of the projections 
of l|4.1.Hl not landing in U is an arrow in h^. Hence we can apply F and get a 
diagram 

^ I ^ 
F{U,j) —L-^ F{Uj) 

F(!J,0 >F{Uk) 

I ^ 

HUi) 

giving an object of ^desc(^)- This extends to a fxmctor 

Hom(h;Y,J^) > ^desc(W) 

in the obvious way. 

Also, consider the functor 

Homc(hu,:r) — > Homcihu,J^) 

induced by the embedding hi/ C hjj; after choosing a cleavage, it is easy to verify 
that the composite of functors 

Homc(hu,.F) Home{hu,J') - ^desc(W) - -^(W) 
is isomorphic to the composite 

Homc(hu,:r) ~ :r(u) — > j^{u) 

where the first functor is the equivalence of the 2-Yoneda Lemma. 
The following generalizes Proposition l2.39l 
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Proposition 4.5. The functor Hom{h^,T) ^desAU) equivalence. 

Proof. Let us construct a functor J-^esci^) ~^ Hom(hj^, JF). Set U = {Ui ^ 
U}, and, for each T ^ Lf in h^T, choose a factorization T ^ Uf ^ U. Assume 
that we given an object ({^/}, {^ij}, {^ijk}) of ^desci^)' for each arrow T ^ IT in 
the category h^ we get an object of T by pulling back ^/ along the chosen arrow 
T Uj. This defines a function from the set of objects of hu to J^. 

Given an arrow T' ^ T ^ LT in h^, chose a factorization T' Uj ^ U of 
the composite T' — > Lf. This, together with the composite T' ^ T ^ Lf/ yields an 
arrow T' 11^ fitting into a diagram 

r — > Uij — > Uj 



T > Uj > LI. 

Since the given arrow — > ^j is cartesian, the canonical arrow ^ji ^j, that is 
given by definition, because ^ji is a pullback of ^j, will factor uniquely as ^ji 
^ij ^j, in such a way that ^ji ^jj maps to T' Ujj. Now the composite ^ji 
^ij — > will factor as f — > ^ for a unique arrow ^jr — > mapping to the 
given arrow T' — > T in C. According to Proposition |3.4| |[iill, the arrow ^jr f r is 
cartesian. 

These two functions, on objects and on arrows, define a morphism h^ T . 
We need to check that the composites 

•^desc(W) ' Hom(h^,Jf^) > -^desc(W) 

and 

Hom(hiY,J^) — > O^desciU) — ' Hom(hiY,J^) 
are isomorphic to the identities. This is straightforward, and left to the reader. ^ 

If we choose a cleavage, the composite of fimctors 

Homc(hu,.F) noTac{hu,T) ^ ^desc(W) - ^iU) 
is isomorphic to the composite 

Homc(hLr,^) ~ ^(!J) ^ ^(W) 
where the first functor is the equivalence of the 2-Yoneda Lemma. 
4.1.3. Fibered categories with descent. 

Definition 4.6. Let J'^ ^ C be a fibered category on a site C. 

(i) .F is a prestack over C if for each covering {LI, — > !J } in C, the functor ( (J ) — > 
JF({!J, ^ LI}) is fully faithful. 

(ii) is a stack over C if for each covering {LI, U} in C, the functor J-(U) 
J-{{Ui — > LI}) is an equivalence of categories. 

Concretely, for .F to be a prestack means the following. Let LI be an object of 
C, I, and 7] objects of T(\l), {U, ^ 11} a covering, ^/ and r]i pullbacks of ^ and ri to 
Lf,, l,ij and r]ij pullbacks of ^ and r] to Uij. Suppose that there are arrows a, : f rji 
in J^(Ui), such that pr^ a, = pr| dj : ^jj rjij for all i and j. Then there is a unique 
arrow a : f ^ ?/ in !F{U), whose pullback to f / tji is a, for all i. 
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This condition can be restated using the functor of arrows of Section I3l7l and 
the comma topology on the category (C/S) (Definition |2 .581 . 

Proposition 4.7. Let T he afihered category over a site C. Then T is a prestack 
if and only if for any object S of C and any two objects ^ and rj in J-{S), the functor 
Hom c:((^, r]) : {C/ S)°P — > (Set) is a sheaf in the comma topology. 

Proof. Let us prove the first part. Assume that for any object S of C and any 
two objects ^ and rj in J^{S), the functor Hom ^ftf, y]) : (C/S)°P (Set) is a sheaf. 
Take an object LT of C, a covering {LT/ U}, and two objects ^ and tj of !F{U). If 
we denote by ({^;}, (^iy)) and {{fji}, {^ij)) the descent data associated with ^ and 
rj respectively, we see easily that the arrows in .F({!J, — > U}) are the collections 
of arrows {<pi : ^, — > rjj} such that the restrictions of (pj and (pj to the pullbacks of ^ 
and rj to !J,j coincide. The fact that Hom[j(^, ;/) is a sheaf ensures that this comes 
from a unique arrow ^ — > rj in !F{11); but this means precisely that the functor 
T{U) J^{{Ui U]) is fully faithful. 

The proof of the opposite implication is similar, and left to the reader. 4|k 

Definition 4.8. An object with descent data ({^/}, {(pij]) in T{{Ui U}) is 
effective if it is isomorphic to the image of an object of J^(Lr). 

Here is another way of saying this: an object with descent data ({^/}, {(pif\) 
\r\ J-{{Ui Lf}) is effective if there exists an object f of !F{U), together with 
cartesian arrows ^ ^ over CTj : Ui ^ U, such that the diagram 

pr* fa > prj 

i I 




commutes for all i and In fact, the cartesian arrows ^, ^ correspond to isomor- 
phisms ^ cr*^ in !F{Uj); and the commutativity of the diagram above is easily 
seen to be equivalent to the cocycle condition. 

Clearly, is a stack if and only if it is a prestack, and all objects with descent 
data in are effective. 

Stacks are the correct generalization of sheaves, and give the right notion of 
"sheaf of categories". We should of course prove the following statement. 

Proposition 4.9. Let Che a site, F: C°P (Set) a functor; we can also consider 
it as a category fibered in sets F ^ C. 

(i) f is a prestack if and only if it is a separated functor. 

(ii) f is stack if and only if it is a sheaf. 

Proof. Consider a covering {LI, — > U}. The fiber of the category F ^ C over 
U is precisely the set f (U), while the category F({U, —> U}) is the set of elements 
(?/) G Y\iF{Ui) such that the pullbacks of and S,j to F(!J,- ^x.^ Uj), via the first 
and second projections U, 'Xu^j ~^ Lf; ^rid LI, ^u^j ~^ coincide. The functor 
F{U) — > F{{Ui — > LI}) is the function that sends each element ^ G F{U) to the 
collection of restrictions (^ |(j.). 
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Now, to say that a function, thought of as a functor between discrete cate- 
gories, is fully faithful is equivalent to saying that it is injective; while to say that it 
is an equivalence means that it is a bijection. From this both statements follow. 4> 

Remark 4.10. The terminology here, due to Grothendieck, is a little unfor- 
tunate. Fibered categories are a generalization of functors: however, a presheaf 
is simply a functor, and thus, by analogy, a prestack should be simply a fibered 
category. What we call a prestack should be called a separated prestack. 

I have decided to stick with Grothendieck's terminology, mostly because there 
is a notion of "separated stack" in the theory of algebraic stacks, and using the 
more rational term "separated prestack" would make "separated stack" pleonas- 
tic. 

Example 4.11. LetCbeasite. Then 1 claim that the fibered category (Sh/C) 
C, defined in Example l3.20[ is a stack. 

Here is a sketch of proof. Let F and G be two sheaves on an object X of C: to 
show that (Sh/C) is a prestack we want to show that Hom yfF, G) : (C/ X)°P — > 
(Set) is a sheaf. 

For each arrow U ^ X, let us denote by F(j and Gu the restrictions of F and 
G to U. Let {Ui — > LI} be a covering, (pii F(j, Gjj. a morphism of sheaves 
on (C/Uj), such that the restrictions of <pi and (pj to {C/Ujj) coincide. Denote by 
^ij '■ ^Uij ~^ Gij.j this restriction. If T Lf is an arrow, set T,- = Ui xjj T, and 
consider the covering {T,- T}. Each T,- U factors through Lf,, so (pj defines 
a function (pj : FTj GTj, and analogously ^jj defines functions : FTjj GTij. 
There is commutative diagram of sets with rows that are equalizers 

FT 
I 

I 

4- 

GT 

There is a unique function cpj: FT ^ GT that one can insert in the diagram while 
keeping it commutative. This proves uniqueness. Also, it is easy to check that 
the collection of the (pT defines a natural transformation cpu : Fjj — > G(j, whose 
restriction F(j. — > G(j. is (pj. 

Now let us show that every object with descent data ({F,}, {(pij}) is effective. 
Here F, is a sheaf on (C/Uj), and cpij is an isomorphism of sheaves on (C/Uij) 
between the restrictions (Fy )u.. ~ (f()u,y 

For each object T ^ LI of (C/U), set T,- = U,- x^f T as before, and define FT 
to be the subset of Yli FiTi consisting of objects (s,) e Yli FTj, with the property 
that (pij carries the restriction {sj)Tij to (s,)t;^. In other words, FT is the equalizer 
of two functions Yli FiTj — > Ylij FiTjj, where the first sends (s/) to the collections of 
restrictions ((s,)t;.), and the second sends it to (^,j(sj)7-..). 

For any arrow T' T in (C / U), it is easy to see that the product of the restric- 
tion functions Yli FjTi Yli FiT^ carries FT to FT'; this gives F the structure of a 
functor (C/!J)°P (Set). We leave it to the reader to check that F is a sheaf. 

Now we have to show that the image of F into (Sh/C)({U, — > LI}) is isomor- 
phic to{{Fi},{cp,j}). 



Yli FT, 



YlijFTij 



ni<i>i 



Yli GTi 



n, 



Yin GT. 
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For each index k let us construct an isomorphism of the restriction F(j^ with 
fjt as sheaves on {C/U]^). Let T — > Ujt be an object of [C/U^), s an element of 
FjfT. Each 7/ maps into !J,)t/ so we produce an element ((/'/^(st,)) G YlFiTj; the 
cocycle condition ensures that this is an element of FT. This defines a natural 
transformation ^ Fjjy 

In the other direction, let T ^ JJj- be an object of (C/Uj^), (s,) an element of 
FT C Hi fjT;- Factor each ^ LI,- through the projection Uj^j JJ;. Then (pki{si) is 
an element of FfcT,, and the cocycle condition implies that the restrictions of (pki{si) 
and (pkjisj) to FfcT,^ coincide. Hence there a unique element of F/^T that restricts to 
'Pkii^i) G Pk^i for each i. This construction defines a function FT F^T for each T, 
which is easily seen to give a natural transformation Fy^. — > Fj^. 

We leave it to the reader to check that these two natural transformations are 
inverse to each other, so they define an isomorphism of sheaves Fjj^ ~ Fj-; and that 
this collection of isomorphisms constitutes an isomorphism in (Sh/S) ({LT,- — > U}) 
between the object associated with F and the given object ({F;}, {^j;}), which is 
therefore effective. 

4.1.4. The f unctorial behavior of descent data. Descent data have three kinds 
of functorial properties: they are functorial for morphisms of fibered categories, 
functorial on the objects, and functorial under refinement. 

Let F : J- ^ Q he a morphism of categories fibered over C. For any covering 
U = {Uj U} we get a ftinctor Fjj : 1F{U) Q{U) defined at the level of objects 
by the obvious rule 

Fu{{^i},{<Prj}) = mi},{F'Pij}) 

and at the level of arrows by the equally obvious rule 

Fu{xi} = {Fxi}. 

Furthermore, if p : F G is a base-preserving natural transformation of mor- 
phisms, there is an induced natural transformation of functors pu'- ~* ^u, 
defined by 

^P^)({Q,{'Pii}) ^ ^Pii^- 

Therefore, if F is an equivalence of fibered categories, Fu is also an equivalence. 
We leave it to the reader to check that the diagram 

J^{U) ^J'iU) 

Q{u) >g{u) 

commutes, in the sense that the two composites J^{U) G{1^) are isomorphic. 
From this we obtain the following useful fact. 

Proposition 4.12. 

(a) IfF is an equivalence of fibered categories and J^{U) T{IA) is an equivalence of 
categories, then Q{U) — > Q{U) is also an equivalence of categories. 

(b) If two fibered categories over a site are equivalent, and one of them is a stack, or a 
prestack, the other is also a stack, or a prestack. 
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All this can be restated more elegantly using sieves. The morphism F: ^ Q 
induces a functor F* : Hom(h^, T) liov!\{hii , Q) , that is the composite with F 
at the level of objects. In this case the diagram becomes 

Hom(hu,^) > Hom(hi/,.F) 



Hom(hu,g) > Hom(hw,g) 

which strictly commutative, that is, the two composites are equal, not simply iso- 
morphic. We leave the easy details to the reader. 

We are not going to need the fimctoriality of descent data for the objects, so 
we will only sketch the idea: if {LI, LI} is a covering and V ^ LT is an arrow, 
then there is a functor T{{Ui U}) J^{{V xuUj^ V}). If ({f,}, {4>ij}) is an 
object of JF({JJj U}), its image in J^{{V (J,- —> V}) is obtained by pulling 
back the f and the (pij along the projection V x ^ ^ LI; . 

Now suppose that is a category fibered over C,U = {Uj LJ},^; a cover- 
ing, V = {Vj/ ^ U}i'(=i' a refinement of U. For each index choose a factorization 

V;/ ^ ^^{i') ^ for a certain e I; this defines a function fi: I' ^ I. 

This induces a functor J^U TV , as foUows. An object ({^,}, {^y }) is sent 

we leave to the reader to check that this is also an 
object with descent data. An arrow 

is a collection of arrows a, : ^, ^ ?/; in T(U-i), and these can be pulled back to ax- 
rows/^*ft;^(,7) : fi'Vuii')- We leave it the reader to verify that the collection 

{fftOC^{ii)} yields an arrow 

{{fKm- {fi''Pmm^'> — ' iifvwi}')' {fi'^ftii'Mf)})' 

and that this defines a functor. 

This fimctor is essentially independent of the function ji: I' ^ I, that is, if we 
change the function we get isomorphic fxmctors. This is seen as foUows. Suppose 

that V : J' — > J is another fimction, and that there are factorizations Vji JJv(!') ^ 
LI. The two arrows /,/ and g,/ induce arrows {fi',gi')- ti^(,')t/(!')- We define an 
isomorphism /^*^^(,/) ^ Si'^v{i') by composing the isomorphisms in the following 
diagram 

fi'^^{i') -^Si'^vii') 



The cocycle condition ensures that this gives an isomorphism of descent data be- 
tween {{ft,^^{i')},{f*,(p^{i')^[f)}) and {{g*,^v{V)},{g*,(pv{i>)v(f)}) (we leave the de- 
tails to the reader). It is easy to check that this gives an isomorphism of functors. 

Also, if W = { W;// Lr},7/gj// is a refinement of V, it is also a refinement of U. 
After choosing functions }i: 1' ^ I,v: I" ^ 1' and p: I" ^ I, and factorizations 

Vii ^ ~^ ^/ W;// lJ^v{i") ^ ^ ^rid W,// ^p{i") U we get functors 
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J^U TV, TV TW and TU TW. I claim that the composite of the first 
two is isomorphic to the third. 

hjii 

To check this, we may change the factorizations W,// — > Up^^iir^ U, because, 
as we have just seen, this does not change the isomorphism class of the functor 
TU TW; hence we may assume that p = }i o v : 1" ^ 1, and that hju : W,v/ 
^p(i") equals the composite o gjn I. Given an object ({^j}, {(pij}) of TU, 
its image in TW under the functor TU — > TW is the object 

{{{fv{i")Si")*^i"}'{{fv(i")Si")*^v}i{i") v;( (;•")}) 

of TW, while its image under the composite TU —>■ TV TV — > TW is the 
object 

i{S*"fv{i")^i"}' {S*"fv(i")^vii{i")vii{j")})- 

The canonical isomorphisms {fv{i")Si")*ii" — S*i"f*{i")^'" isomorphism of 

the two objects of TW, and this defines the desired isomorphism of functors. 

Once again, in the language of sieves everything is much easier: if V is a re- 
finement of U, then hy is a subfunctor of hjj, and the embedding hy w hn induces 
a functor 

yiomc{h.u,T) — > Homc(hy,J'^) 

with no choice required. 

Also, in this language the composite 

Homc(h^,.F) — > Homc(hy, JF) — > Homc(hw, .?^) 

equals the fimctor Hom^; (h^, T) Hom,^ (hw/ T) on the nose. 

4.1.5. Stacks and sieves. Using the description of the category of objects with 
descent data in Proposition |43] we can give the following very elegant characteri- 
zation of stacks, which generalizes the characterization of sheaves given in Corol- 
larylZSl 

Corollary 4.13. Afibered category T ^ Cisa stack if and only if for any covering 
U of an object U ofC the functor 

Homc{hu,T) — >Homc{hij,T) 

induced by the embedding h^ C h^f is an equivalence. 

This can sharpened, as in Proposition |2j42l 

Proposition 4.14. Afibered category T ^ C isa stack if and only if for any object 
U ofC and sieve S onU belonging to T, the functor 

Homc{hu,T) — > Homc{S,T) 

induced by the embedding h(j C S is an equivalence. 

Furthermore, T is a prestack if and only if the functor above is fully faithful for all U 
and S. 

Proof. The fact that if the functor is an equivalence then JF is a stack follows 
from Corollary l4.13[ so we only need to prove the converse (and similarly for the 
second statement). 
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Let S be a sieve belonging to T on an object Lf of C. Choose a covering 
U = {Hi LI} of LI such that hj^ C S: the restriction functor Home (h[i, JF) 
Homc(h^, T) is an equivalence, and it factors as 

Homc(h[i,:r) — > Homc(S, J'^) — > Homc(h;^, J'^). 

Again by Corollary 14. 131 Hom^ (hy, J-) Hom^ (h^, JF) is fully faithful, and 
it is an equivalence when J- is a stack: hence Hom^ (S, J-) Hom^ (h^^, J-) is full, 
and it essentially surjective whenever JT is a stack. So we see that the following 
lemma suffices. 

Lemma 4.15. Let T be a prestack over a site C, S and S' be sieves belonging to the 
topology ofC with S' C S. Then the induced restriction functor 

Homc(S,jr) — > Homc(S',J^) 

is faithful. 

This is a generalization of Lemma [2.43l 

Proof. The proof is very similar to that of Lemma [2.431 Let F and G be two 
morphisms S ^ J-, (p and ^ two base-preserving natural transformations, induc- 
ing the same natural transformations from the restriction of F to h^ to that of G. 
Let T ^ IT be an arrow in S; we need to prove that 

'pT^u = ^T^u- FiT ^ LI) ^ G(T ^ U). 

Consider the fibered products T x y LI/, with the first projections p,- : T x (j Uj. Since 
F and G are morphisms, and S is a functor, so that every arrow in S is cartesian, 
the arrows 

F{pi) : F{TxuUi -^U)^ F(T ^ U) 

and 

G{pi) : G(T xuUi^U)^ G{T ^ LI) 

are cartesian. Consider the covering {T XjjUj T}: since the composite T Xjj 
Uj ^ T ^ U is inhu T, we have 

4>TxuUi^u = ^TxuUi->u- F{TxuUi -^U) — > G{T xuUi U). 
Hence the commutativity of the diagrams 

F{T xuUi^ U) > G(r xuU,^ U) 



G{p,) 



F(T U) > G{T U) 

can be interpreted as saying that the pullbacks of (/'t->u and ipj^u to T x (j Lf, are 
the same. Since the functors of arrows of J- form a sheaf, since is a prestack, this 
implies that (pT^u arid ipT^u are equal, as claimed. ^ 

This ends the proof of Proposition 14 . 141 ^ 

Since two equivalent topologies on the same category have the same sieves, 
we obtain the following generalization of Proposition |2.49l 
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Proposition 4.16. Let C a category, T and T two topologies on C, T ^ C a 
fibered category. Suppose that T is subordinate to T. If is a prestack, or a stack, 
relative to T, then it is also a prestack, or a stack, relative to T' . 

In particular, if T and T' are equivalent, then JF is a stack relative to T if and 
only if it is also a stack relative to T' . 

For later use, we note the following consequence of Lemma [4.15l 

Lemma 4.17. If T is a prestack on a site, U and V two coverings of an object U 
of C, such that V is a refinement ofU, and J-{U) -^(V) is an equivalence, then 
J^{U) ^{l^) is also an equivalence. 

4.1.6. Substacks. 

Definition 4.18. Let C be a site, ^ C a stack. A substack of J'^ is a fibered 
subcategory that is a stack. 

Example 4.19. Let C be a site, ^ C a stack, Q a full subcategory of 
satisfying the following two conditions. 

(i) Any cartesian arrow in whose target is in is also in Q. 

(ii) Let {Uj Lf} be a covering in C, ^ an object of J-{U), ^, pullbacks of ^ to JJ;. 
If ^, is in Q for all i, then ^ is in 

Then Q is a substack. 

There are many examples of the situation above: for example, as we shall see 
(Theorem I4.23|l the fibered category (QCoh/S) is a stack over (Sch/S) with the 
fpqc topology. Then the full subcategory of (QCoh/ S) consisting of locally free 
sheaves of finite rank satisfies the two conditions, hence it is a substack. 

Proposition 4.20. Let C be a site, T ^ C a fibered category. Recall that Tcan is 
the associated category fibered in groupoids (Definition \3.31h 

(i) IfJ^ is a stack, so is jF^art. 

(ii) If is a prestack and .Fcart is a stack, then T is also a stack. 

Proof. The isomorphisms in J- are all cartesian; hence, given a covering 
{Ui LZ} in C, the categories .F({!J, U}) and J^cart({!ii ^ U}) have the 
same objects, and the effective objects with descent data are the same. So it is 
enough to prove that if JF is a prestack then Tcait is a prestack. 

Let ^ and r] be two objects in some J-{U). Let {LI, LZ} be a covering, 
and rji pullbacks of ^ and rj to Uj, and t]jj pullbacks to L7,y, a,- : — > rj^ arrows in 
.^cart(iJ/), such that prj a, = prj ay : — i- rjjj. Then there is unique arrow oc: ^ ^ rj 
that restricts to a,- for each /; and it is enough to show that a is cartesian. But the 
cartesian arrows in .F ( JJ ) and in each JF ( Li, ) are the isomorphisms ; hence the a , are 
isomorphisms, and the arrow : rji ^ ^ comes from a unique arrow fi: i] ^ ^. 
The composites j6 o a and a o fi pull back to identities in each J-{Ui), and so they 
must be identities in J-{U). This shows that a is in J-catt{U), and completes the 
proof. <|k 

4.2. Descent theory for quasi-coherent sheaves 

4.2.1. Descent for modules over commutative rings. Here we develop an 
affine version of the descent theory for quasi-coherent sheaves. It is only needed 
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to prove Theorem l4.23l below, so it may be a good idea to postpone reading it until 
after reading the next section on descent for quasi-coherent sheaves. 

If A is a commutative ring, we will denote by Mod^ the category of modules 
over A. 

Consider a ring homomorphism f: A B. If M is an A-module, we de- 
note by i]vi : M (S)a B — B ®^ M the usual isomorphism of A-modules defined by 
LM{n®h) = h ®n. Furthermore, we denote by : M ^ B 0^ M the homomor- 
phism defined by OLf^{m) = 1 m. 

For each r > set 

r times 

B®' = B®A'B®A■■■®A'B■ 
A B-module N becomes a module over B®-^ in two different ways, as N ®a B and 
B ®A ir* both cases the multiplication is defined by the formula {bi ^2) (^1 ® 
^2) = bix-[ (g) ^2^2- Analogously, N becomes a module over B'^^ as N B ®a B, 
B i^A N ® A B and B i^^a B (Eia ^ (more generally, N becomes a module over B'®'' in 
r different ways; but we will not need this). 

Let us assume that we have a homomorphism of B®-^ -modules : N (^^a B — 
B 0^ N. Then there are three associated homomorphism of B®^-modules 

xpi: BiSiaN ^aB ^ BiSiaB^aN, 
xp2: N(S)AB(g,AB ^ B0aB(S)aN, 
i/^s : N (g)A B (8)yi B ^ B (g)A N B 

by inserting the identity in the first, second and third position, respectively. More 
explicitly, we have xpi = idg ® !/^, ips = ® idg, while we have 1/^2 (^1 ^^2 ^3) = 
E/y/ ® X2(E) Zi if !/^(xi (g) X3) = Y.iVi ^ B ®A Alternatively, ip2 = (idg 
In) o{\p(E) ids) o (idw ® 'b)- 

Let us define a category Mod-A^B as follows. Its objects are pairs {N, where 
N is a B-module and ip: N 0a B ~ B ®^ N is an isomorphism of B®'^ -modules 
such that 

ip2 = ^ioip3: N A B (g)A B — > B(®aB'S)aN. 

An arrow /5: {N,ip) {N',ip') is a homomorphism of B-modules /3: N — > N', 
making the diagram 

N(8)aB >B®aN 

N' (E}A B B (E}A N' 

commutative. 

We have a functor F : Mod/i Mod/i^g, sending an A-module M to the pair 
(B ®A ^m), where 

: {B®aM)®aB — >B ®A (B ®a M) 

is defined by the rule 

i/^m(^ ®m(®b') = b (Si b' (Si ni. 
In other words, xpM = idg 'Ad- 
It is easily checked that xpM is an isomorphism of B®^-modules, and that (M 0^ 
B, !/?jvf) is in fact an object of Mod^^g. 
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If a : M ^ M' is a homomorphism of A-modules, one sees immediately that 
idg (g) a: B 0^ M ^ B M' is an arrow in Mod/i_>B. This defines the desired 
functor F. 

Theorem 4.21. IfB is faithfully flat over A, the functor 

F : Mod/i — > Mod^^B 

defined above is an equivalence of categories. 

Proof. Let us define a functor G: Mod^^^g — > Mod^^. We send an object 
{N,xp) to the A-submodule GN C N consisting of elements n E N such that 

1 (g) n = ip{n g) 1). 

Given an arrow /5 : {N, ip) {N', ip') in Mod^i^g, it follows from the defini- 
tion of an arrow that /5 takes GN to GN'; this defines the functor G. 

We need to check that the composites GF and FG are isomorphic to the iden- 
tity. For this we need the following generalization of Lemma [2.611 Recall that we 
have defined the two homomorphisms of A-algebras 

ei,e2: B — > B 0^ B 

by ei(b) = (g) 1 and e2{b) = 1 g) 

Lemma 4.22. Let M be an A-module. Then the sequence 



^ M ^ B0, M ^^i^^^^ B®2^M 



is exact. 



The proof is a simple variant of the proof of Lemma [2.6 11 
Now notice that 

((ei — 62) ® idAd) {b®m) = b ®1 ®m — l®b ® m 

= g)?ng)l)-lg)bg)?n 

for all m and b; and this implies that 

((ei - £2) ® idM) (^) = ^m{^ g) 1) - 1 X 

for all X e B g)^ M. Hence G(B g)^ M, ipu) is the kernel of {e\ — 62) g) id^/ and the 
homomorphism M ^ B (g M establishes a natttral isomorphism between M and 
G(M g)yi B) = GF(M), showing that GF is isomorphic to the identity. 

Now take an object {N,ip) of Mod^^S/ and set M = G{N,ip). The fact that 
M is an A-submodule of the B-module N induces a homomorphism of B-modules 
9 : B g)^ M — > N with the usual rule 9{b<Sim) = bm. Let us check that 6 is an arrow 
in Mod^^B, that is, that the diagram 

B(E)aB(E)aM > B(E)aN 



idg ®iM 



M (g^ B ¥ N g)^ B 
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commutes. The calculation is as follows: 

tpiids ®9){h®h' ®m) = ip{b (g) b'ni) 

= l/;((i7(g)fc')(l(g)7fl)) 

= {bi^b'){l'^m) (because m e M) 

= [bm (g) b') 

= {6 ids) (b'^ni'^b') 

= (0 0idB)(idB®tM)(fe0i'' «)?«). 

So this 9 defines a natural transformation id FG. We have to check that 6 is 
an isomorphism. 

Consider the homomorphisms a, /5 : N ^ B ® N defined by a(n) = 1 ® n and 
j6(m) = !/?(M®l);by definition, M is the kernel of a — /3. There is a diagram with 
exact rows 



-4M(g)B' 







-4B(g)^N 



(e2-ei)®idN 



> B (g)^ B < 



where i: M ^ N denotes the inclusion. Let us show that it is commutative. For 
the first square, we have 



while 



xp{i (g)idB)(7« (g) b) = ip{ni g) b) 

= ip((lg)b)(mg)l)) 
= (1 g) b)ip{m (g 1) 
= (lg)b)(lg)m) 
= 1 (g [^m. 

For the second square, it is immediate to check that i/^i o (a g) idg ) = (e2 g) idjv) o xp. 
On the other hand 

ipi {fi ® ide) (n ®b)='ipi {xp{n (g 1) g) b) 
= ipi\p^{n(E)l0b) 
= ip2{n(^l(S)b) 
= (ei (g idN)!/'(M (g f'). 

Both xp and i/^j are isomorphisms; hence 6 o ifj is an isomorphism, so 6 is an iso- 
morphism, as desired. 

This finishes the proof of Theorem l4.21l ^ 
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4.2.2. Descent for quasi-coherent sheaves. Here is the main result of descent 
theory for quasi-coherent sheaves. It states that quasi-coherent sheaves satisfy de- 
scent with respect to the fpqc topology; in other words, they form a stack with re- 
spect to either topology. This is quite remarkable, because quasi-coherent sheaves 
are sheaves in that Zariski topology, which is much coarser, so a priori one would 
not expect this to happen. 

Given a scheme S, recall that in ^3.2.1l we have constructed the fibered category 
(QCoh/S) of quasi-coherent sheaves, whose fiber of a scheme U over S is the 
category QCoh( LI) of quasi-coherent sheaves on U. 

Theorem 4.23. Let S be a scheme. The fibered category (QCoh/S) over (Sch/S) 
is stack with respect to the fpqc topology. 

Remark 4.24. This would fail in the "wild" flat topology of Remark l236l in 
this topology (QCoh/ S) is not even a prestack. 

Take the covering {Vp — > LI} defined there, and the quasi-coherent sheaf 
(BpOp, the direct sum of the structure sheaves of all the closed points. The re- 
striction of ®pOp to each Vp is the structure sheaf Op of the closed point, since 
pullbacks commute with direct sums, and the restriction of each Oq to Vp is zero 
for p ^ q. For each p consider the projection Tip : Oy^, — > Op) it easy to see that 
pr^ Ttp = pr^ TTg: OypXyV,, ^ fp,q{®pOp), where fp,^: Vp XuVq ^ U is the obvi- 
ous morphism. 

On the other hand there is no homomorphism Ojj ®pOp that pulls back 
to Tip for each p. In fact, such a homomorphism would correspond to a section of 
®pOp that is 1 at each closed point, and this does not exist because of the definition 
of direct sum. 

For the proof of the theorem we will use the following criterion, a generaliza- 
tion of that of Lemma [2.601 

Lemma 4.25. Let She a scheme, T he a fibered category over the category (Sch/S). 
Suppose that the following conditions are satisfied. 

(i) T is a stack with respect to the Zariski topology. 

(ii) Whenever V ^ U is aflat surjective morphism ofaffine S-schemes, the functor 

J='{U) — > J='{V U) 

is an equivalence of categories. 
Then T is a stack with respect to the the fpqc topology. 

Proof. The proof is a little long and complicates, so for clarity we will di- 
vide it in several steps. According to Theorem l3.45l and Proposition 14.121 we may 
assume that is split: this will only be used in the last two steps. 

Step 1: T is a prestack. Given an S-scheme T ^ S and two objects ^ and r] of 
jF(r), consider the functor 

Hom Tfg,^/): (Sch/r)°P — > (Set). 

We see immediately that the two conditions of Lemma 12.601 are satisfied, so the 
functor Hom7(^, rf) is a sheaf, and JF is a prestack in the fpqc topology. 
Now we have to check that every object with descent data is effective. 
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Step 2: reduction to the case of a single morphism. We start by analyzing the sec- 
tions of J- over the empty scheme 0. 

Lemma 4.26. The category J-{(Z>) is equivalent to a category with one object and one 
morphism. 

Equivalently, between any two objects of ^{®) there is a unique arrow. 

Proof. The scheme has the empty Zariski covering W = 0. By this I really 
mean the empty set, consisting of no morphisms at all, and not the set consisting 
of the embedding of C 0. There is only one object with descent data (0, 0) 
in J-'{U), and one morphism from (0,0) to itself. Hence J'{U) is equivalent to 
the category with one object and one morphism; but .F(0) is equivalent to J-{hl), 
because J- is a stack in the Zariski topology. ^ 

Lemma 4.27. If a scheme U is a disjoint union of open subschemes {/i/j/g;, then the 
functor J^{U) Yiiei-^i^i) obtained from the various restriction functors J-{U) 
T{Ui) is an equivalence of categories. 

Proof. Let ^ and rj be objects of J-{U); denote by ^, and their restrictions 
to Ui- The fact that Hom ^fg, rj) : (Sch/T)°P — > (Set) is a sheaf ensures that the 
function 

Hom^(y)(^,j/) — > ^Hom^(^,)(^;,^/^■) 

is a bijection; but this means precisely that the functor is fully faithful. 

To check that it is essentially surjective, take an object (^;) in Yliel -^i^i)- 
have Ujj = when i 7^ and Lf/y = Uj when / = j; we can define transition iso- 
morphisms (pij : — prj ^, as the identity when i = j, and as the only arrow 
from prj to pr^ f in J-{Uij) = T{(Z)) when i 7^ /. These satisfy the cocycle condi- 
tion; hence there is an object ^ oi J^{U) whose restriction to each Li, is isomorphic 
to Then the image of ^ into Yliel ^{^i) is isomorphic to (^,), and the functor is 
essentially surjective. ^ 

Given an arbitrary covering {Uj U}, set V = ]_J, LI;, and denote by /: V ^ 
U the induced morphism. I claim that the functor J-{U) J-{V — > LL)isan 
equivalence if and only if J-{U) — > J-{{Ui U}) is. In fact, we will show that 
there is an equivalence of categories 

J'iV ^U) — > J^{{Ui U}) 

such that the composite 

T{U) — ^ J'iV ^U) — > J'iiUi U}) 
is isomorphic to the functor 

j^(LI) — > J^{{Ui U}). 
This is obtained as follows. We have a natural isomorphism of Lf-schemes 

VxuVc^lJU.XuUj, 

so Lemma 14.271 gives us equivalences of categories 
(4.2.1) :p{y) ^Yi^iUi) 



88 



4. STACKS 



and 

(4.2.2) T{Y xu V) Yl^iU, xuUj). 

hi 

An object of J-{V U) is a pair {i],(p), where i] is an object of ^{V) and 
(p: prj i] ~ pr^ rj in T{V V) satisfying the cocycle condition. If r]i denotes the 
restriction of t] to LI, for all / and (py : prj t] — pr^ rj the arrow pulled back from cp, 
the image of (p in Yli,j ^{Uj x u Uj) is precisely the collection {(pij); it is immediate 
to see that {(pij) satisfies the cocycle condition. 

In this way we associate with each object {t],(p) of !F{V U) an object 
{{rji}, {(pij}) of J^{{Uj — > LI}). An arrow a: {t],(p) (?/', (^') is an arrow a : rj ^ rj' 
mj^iy) such that 

pr^j^ Oi o (p — (p o pr| OL : prj rj — > pr^ ij'; 

then one checks immediately that the collection of restrictions {a, : rjj rj'-} gives 
an arrow K}: ({??,•}, {'Z',;}) ^ {{n\}>Wij})- 

Conversely, one can use the inverses of the functors l|4.2.1|l and l|4.2.2|l to define 
the inverse of the functor constructed above, thus showing that it is an equivalence 
(we leave the details to the reader). This equivalence has the desired properties. 

This means that to check that descent data in !F are effective we can restrict 
consideration to coverings consisting of one arrow. 

Step 3: the case of a quasi-compact morphism with affine target. Consider the case 
that V — > U is a flat surjective morphism of S-schemes, with U affine and V quasi- 
compact. Let {Vj} be a finite covering of V by open affine subschemes, V the 
disjoint union of the Vj. Then J^{U) — > J-{V' U) is an equivalence, by hypoth- 
esis, so by Lemma [4.1 71 jrfLT) J-{V U) is also an equivalence. 

Step 4: the case of a morphism with affine target. Now U is affine and V — > !J is 
an arbitrary fpqc morphism. By hypothesis, there is an open covering {V, } of V by 
quasi-compact open subschemes, all of which surject onto U. We will use the fact 
that T has a splitting. We need to show that J-{U) !F{V U) is essentially 
surjective. 

Choose an index z; V, ^ Lf is also an fpqc cover, with V, quasi-compact. We 
have a strictly commutative diagram of functors 




in which J-{\X) — > TiVj Lr)isan equivalence, because of the previous step, 
and TifX) Tiy U) is fully faithful. From this we see that to show that 
J^{U) —>■ J^{V U) is essentially surjective it is enough to prove that J^{V 
U) ^ J^{Vi^ U) is fully faithful. 

It is clear that T{V U) ^ T(Yi U) is full (because J^{U) T{Yi U) 
is), so it is enough to show that it is faithful. Let a and /5 be two arrows in J-{V 
U) with the same image in !F{Vi U). For any other index j we have that the 
restriction functor JF(V^- U V^- U) ^{Vj (i) is an equivalence, because in 
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the strictly commutative diagram 

T{u) > Tiyi u Vy ^ u) 




the top and left arrows are equivalences, so the restrictions of a. and /5 to U Vj 
are the same. Hence the restrictions of a and f> to each Vj are the same: since T is 
a prestack we can conclude that a = j6. 

Step 5; the general case. Now consider a general fpqc morphism / : V — > M, 
with no restrictions on M or Take an open covering {Li,} of U by affine sub- 
schemes, and let be the inverse image of LI, in V . We need to show that any 
object (J7,(f ) of T(y U) comes from an object of JF(Ji). 

For each open subset W C U, denote by : J^{U') J^if'^W W) the 
functor that sends objects to objects with descent data, defined via the splitting. 
We will use the obvious fact that if U" is an open subset of LI', the diagram 

T{f-^U' W) >T{f-^U" U") 

where the rows are given by restrictions, is strictly commutative. 

For each index i, let {y]i,(pi) be the restriction of {y],(p) to V,. This is an object 
oi J-{Vi — > Ui), hence by the previous step it there exists an object ^, of J-{Ui) 
with an isomorphism a,- : — (pi) in LJj}). Now we want to glue 

together the ^, to a global object ^ of J-{U); for this we need Zariski descent data 

<Pij- \Uij- \Uij- 

For each pair of indices i and /, set Vij = n Vj, so that Vij is the inverse 
image of !J,y in V. By restricting the isomorphisms a, : ^Ui^i — iVi'i'i) ^ 
get isomorphisms 

^Uiji^i \uij) = (*Ui^/) Wij - in \Vij,<P \v,j) 
and from these isomorphisms 

Since the functor <I>[j,^ is an equivalence of categories, there exists a imique isomor- 
phism cpij : such that »l>u..(/),y = ar'^oij. 

By applying ^U/y^. we see easily that the cocycle condition cp^. = (pijcpjk is sat- 
isfied; hence there exists an object ^ of J-{U), with isomorphisms ^ \u^— ^i- If we 
denote by /, : V, — > Lf the restriction of : V ^ U, we obtain an isomorphism of 
f*^ = f*^ \Vi with the pullback of to Vj. We also have an isomorphism of the 
pullback of to Vj with obtained by pulling back a, along Vj — > LI,. These 
isomorphisms /* f | ?j, coincide when pulled back to Vjj, so they glue together 
to give an isomorphism f*^ ~ t]; and this is the desired isomorphism of with 

This completes the proof of Lemma 14.251 4 
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It is a standard fact that (QCoh/ S) is a stack in the Zariski topology; so we 
only need to check that the second condition of Lemma 14.251 is satisfied; for this, 
we use the theory of i]4.2.1l Take a flat surjective morphism V ^ U, correspond- 
ing to a faithfully flat ring homomorphism f. A B. We have the standard 
equivalence of categories QCoh (LI) ~ Mod/^; I claim that there is also an equiv- 
alence of categories QCoh(y ^ U) Mod^^g. A quasi-coherent sheaf A4 
on U corresponds to an A-module M. The inverse images prj A4 and prj A4 in 
V B = Spec B (g)/^ B correspond to the modules M <S)a B arid B 0^ M, respec- 
tively; hence an isomorphism cp : pr2 A4 — pr^ Ai corresponds to an isomorphism 
xp : M (E)A B ^ B M. It is easy to see that (p satisfies the cocycle condition, so 
that {Ai, cp) is an object of QCoh(l/ U), if and only if ip satisfies the condition 
^1^3 = this gives us the equivalence QCoh(y — !i) ~ Mod^^g. The func- 
tor QCoh(i J) QCoh(y U) corresponds to the functor Mod^ Mod/i^B 
defined in il4.2.11 in the sense that the composites 

QCoh(LI) — > QCoh(y — > U) - Mod^^B 

and 

QCoh(iJ) ~ Mod^ Mod^-^s 
are isomorphic. Since Mod^ — > Mod/i^g is an equivalence, this finishes the proof 
of Theorem 3231 

Here is an interesting question. Let us call a morphism of schemes V — > LI a 
descent morphism if the functor QCoh(!J) QCoh(y U) is an equivalence. 

Suppose that a morphism of schemes V ^ U has local sections in the fpqc 
topology, that is, there exists an fpqc covering {Uj U} with sections LI, V. 
This is equivalent to saying that V ^ Lf is a covering in the saturation of the fpqc 
topology, so, by Theorem 1423] and Proposition 14. 1 61 it is a descent morphism. 

Open question 4.28. Do all descent morphisms have local sections in the 
fpqc topology? If not, is there an interesting characterization of descent mor- 
phisms? 

4.2.3. Descent for sheaves of commutative algebras. There are many vari- 
ants of Theorem 14.231 The general principle is that one has descent in the fpqc 
topology for quasi-coherent sheaves with an additional structure, as long as this 
structure is defined by homomorphisms of sheaves, satisfying conditions that are 
expressed by the commutativity of certain diagrams. 

Here is a typical example. If LT is a scheme, we may consider quasi-coherent 
sheaves of commutative algebras on U, that is, sheaves of commutative Cu'^lgebras 
that are quasi-coherent as sheaves of Oy-modules. The quasi-coherent sheaves of 
commutative algebras on a scheme U form a category, denoted by QCohComm U. 

We get a pseudo-functor on the category (Sch/ S) by sending each U — > S to 
the category QCohComm U; we denote the resulting fibered category on (Sch/ S) 
by (QCohComm/ S). 

Theorem 4.29. (QCohComm/S) is a stack over (Sch/S). 

Here is the key fact. 

Lemma 4.30. Let {a,: U,- U} be an fpqc covering of schemes. 
(i) If A and B are quasi-coherent sheaves of algebras over U, (p: A ^ B is a homo- 
morphism of quasi-coherent sheaves, such that each pullback cr*(p: cr*A — > o'*B is a 
homomorphism of algebras for all i, then (p is a homomorphism of algebras. 
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(ii) Let Abe a quasi-coherent sheaf on U. Assume that each pullback a* A has a struc- 
ture of sheaf of commutative algebras, and that the canonical isomorphism of quasi- 
coherent sheaves prj o-*A — pr^ cr*A is an isomorphism of sheaves of algebras for 
each i and j. Then there exists a unique structure of sheaf of commutative algebras 
on A inducing the given structure on each erf A. 

Proof. For part we need to check that the two composites 

A®Ou^^^ — >B 

and 

A(^OuA'-^B®o,B^B 
coincide. However, the composites 

a* A ®Ou, <^ - ^Ou ^) ^ ^ 

and 

a* A ®Ou, <^ ^ ®Ou ^) <(S ®Ou B) ^ CT*B 

coincide, because o'*(p is a homomorphism of sheaves of algebras; and we know 
that two homomorphisms of quasi-coherent sheaves on a scheme that are locally 
equal in the fpqc topology, are in fact equal, because (QCoh/S) is a stack over 
(Sch/S). 

Let us prove part From the algebra structure on each a* A we get homo- 
morphisms of quasi-coherent sheaves 

m: 0-*{A(E)Ou ^) - ('i-^'^Ou. ' ^-4. 

We need to show that these homomorphisms are pulled back from a homomor- 
phism A ®Ou -A. ^ A. Denote by aij : Ujj — > U the obvious morphism; since 
(QCoh/ S) is a stack, and in particular the functors of arrows are sheaves, this is 
equivalent to proving that the pullbacks cr*j{A (®Ou -4) ^ ^ of f(/ and jij coincide 
for all and /. This is most easily checked at the level of sections. 

Similarly, the homomorphisms Ojj. Aj corresponding to the identity come 
from a homomorphism Ojj ^ A. 

We also need to show that the resulting homomorphism A^Ou ^ ^ gives 
A the structure of a sheaf of commutative algebras, that is, we need to prove that 
the product is associative and commutative, and that the homomorphism Ou 
A gives an identity. Once again, this is easily done by looking at sections, and is 
left to the reader. 4 

From this it is easy to deduce Theorem 14.291 If {cr, : Lf, LI} is an fpqc 
covering, and {{Aj}, {(pij}) is an object of (QCohComm/S)({cr,-: (J,- !-/}), we 
can forget the algebra structure on the Ai, and simply consider it as an object of 
(QCoh/ S) ({cr, : Lfj LI}); then it will come from a quasi-coherent sheaf A on Lf. 
However, each a* A is isomorphic to Ai, thus it inherits a commutative algebra 
structure: and Lemma 14.301 implies that this comes from a structure of sheaf of 
commutative algebras on A. This finishes the proof of Theorem 14. 29 1 

Exactly in the same way one can defined fibered categories of sheaves of (not 
necessarily commutative) associative algebras, sheaves of Lie algebras, and so on, 
and prove that all these structures give stacks. 
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4.3. Descent for morphisms of schemes 

Consider a site C, a stable class V of arrows, and the associate fibered category 
P ^ C, as in 

Example|3l3 
The following fact is often useful. 

Proposition 4.31. Let C be a subcanonical site, V a stable class of arrows. Then 
V ^ C is a prestack. 

Recall (Definition 12.57b that a site is subcanonical when every representable 
functor is a sheaf. The site (Sch/S) with the fpqc topology is subcanonical (Theo- 
rem [ZSHJl. 

Proof. Let {U; U} be a covering, X ^ U and Y ^ U two arrows in V. 
The arrows mV{U) are the arrows X ^ Y in C that commute with the projections 
to U. Set X; = !i, X (J X and X,y = JJ,y x y X = X,- x x Xy, and analogously for Y,- 
and Yjj. Suppose that we have arrows /,■ : X, Y, in ^(Lr,), such that the arrows 
Xij — > Yjj induced by /; and fj coincide; we need to show that there is a unique 
arrow /: X Y mV{U) whose restriction X/ Yj coincides with /,■ for each i. 

The composites X; ^ Y^ ^ Y give sections g, € hy(X;), such that the pull- 
backs of gi and gj to Xy coincide. Since hy is a sheaf, {X,- X} is a covering, and 
Xij = X/ X X Xj for any i and there is a unique arrow / : X ^ Y in C, such the 

composite X, ^ X A Y is g„ so that the diagram 

X^^Y, 

„ f i 
X >Y 

commutes for all i. It is also clear that the arrows X ^ U and X ^ Y ^ U 
coincide, since they coincide when composed with U, U for all i, and since h(j 
is a sheaf, and in particular a separated functor. Hence the diagram 

X— ^ Y 



U^=U 

commutes, and / is the only arrow in P(Lr) whose restriction to each Lf, coincides 
with/,-. ^ 

However, in general V will not be a stack. It is easy to see that V cannot be a 
stack unless it satisfies the following condition. 

Definition 4.32. A class of arrows P in C is local if it is stable (Definition |3.16l l, 
and the following condition holds. Suppose that you are given a covering {LI, 
U} in C and an arrow X ^ U. Then, if the projections U, x (j X — > U, are in V for 
all X — > LI is also in V. 

Still, a local class of arrow does not form a stack in general, effectiveness of 
descent data is not guaranteed, not even when V is the class of all arrows. Con- 
sider the following example. Take C to be the class of all schemes locally of finite 
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type over a field k, of bounded dimension, with the arrows being morphisms of 
schemes over k. Let us equip it with the Zariski topology, and let V be the class of 
all arrows. Call LI = LTi ]_[ !J2 U (^3 IJ 1/4 ]_[ . . . the union of countably many copies 
of Ui = Spec A:. The collection of inclusions {Lf, ^ U} forms a covering. Over 
each Uj consider the scheme A^. Obviously Ujj = if f 7^ /, and Uij = Spec A: if 
i = j, so we define transition isomorphisms in the only possible way as the identity 
^ii = id^i : A[ Pl'i^, and as the identity id0 : ^ when i ^ j. These obvi- 
ously satisfy the cocycle condition, being all identities. On the other hand there 
cannot be a scheme of boimded dimension over U, whose pullback to each LI, is 

This is an artificial example; obviously if we want to glue together infinitely 
many algebraic varieties, we shouldn't ask for the dimension to be bounded. And 
in fact, morphisms of schemes form a stack in the Zariski topology, and therefore 
a local category of arrows also forms a stack in the Zariski topology. 

On the other hand, most of the interesting properties of morphisms of schemes 
are local in the fpqc topology on the codomain, such as for example being flat, be- 
ing of finite presentation, being quasi-compact, being proper, being smooth, being 
affine, and so on (Proposition 12 .361 1 . For each of these properties we get a prestack 
of morphisms of schemes over (Sch/ S), and we can ask if this is a stack in the fpqc 
topology. 

The issue of effectiveness of descent data is rather delicate, however. We will 
give an example to show that it can fail even for proper and smooth morphisms, 
in the etale topology (see l4.4.2)l . In this section we will prove some positive results. 

4.3.1. Descent for affine morphisms. Let V be the class of affine arrows in 
(Sch/S), and denote by (Aff/S) (Sch/S) the resulting fibered category. The 
objects of (Aff/S) are affine morphisms X ^ U, where Lf ^ S is an S-scheme. 

Theorem 4.33. The fibered category (Aff/S) is a stack over (Sch/S) in the fpqc 
topology. 

First of all, (Aff/S) is a prestack, because of Proposition 14 .3 1 1 so the only issue 
is effectiveness of descent data. By Proposition 14.201 (Hit it is enough to check that 
(Aff/ S)cart is a stack. 

Let ^ be a quasi-coherent sheaf of algebras on a scheme U. Then we denote 
by S pec-^ A the relative spectrum of A; this is an affine scheme over Lf, and if 
V C LI is an open affine subscheme of LI, the inverse image of V in peCjj A is the 
spectrum of the ring A{V). 

A homomorphism of sheaves of commutative rings A ^ B induces a ho- 
momorphism of Ll-schemes Spec^ B Spec^ A; this is a contravariant functor 
from QCohComm U to the category Aff U of affine schemes over LI, which is well- 
known to be an equivalence of categories QCohComm U°P ^ Aff U. The inverse 
functor sends an affine morphism /z : X — > LI to the quasi-coherent sheaf of com- 
mutative algebras h^Ox- 

There is a morphism of fibered categories 

(QCohComm/S)cart (Aff/S)cart 

that sends a an object A of QCohComm LI to the affine morphism Spec A ^ U. 
Let (/,a) : {U,A) {V/B) be an arrow in (QCohComm/ S)cart; /: LI — > V is a 
morphism of S-schemes, a : A — f* B an isomorphism of sheaves of Oy-modules. 
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Then gives an isomorphism Spec^ A — SpeCjj f* B = U xy Specy B of schemes 
over U, and the composite of this isomorphism with the projection U Xy SpeCy B — > 
Specy B gives an arrow from SpeCjj j\ — > \1 to SpcCy B — > V in (Aff/ S)cart' 
If we restrict the morphism to a fimctor 

(QCohComm/S)cart(!i) (Aff/S)cart(!i) 

for some S-scheme U we obtain an equivalence of categories; hence this morphism 
is an equivalence of fibered categories over (Sch/S), by Proposition 13.361 Since 
(QCoh/S)cart is a stack, by Theorem 14.291 and Proposition 14.201 lOll, we see from 
Proposition 14.121 that (Aff/S)cart is also a stack, and this concludes the proof of 
Theorem l4.33l 

The following corollary will be used in i i4.3.3l 

Corollary 4.34. Let P ^ Ubea morphism of schemes, {Ui — > U} anfpqc cover. 
For each i set = U, x (j P and Pij = Uij Xjj P. Suppose that for each i we have a 
closed subscheme X, o/P,v with the property that for each pair of indices i and j the inverse 
images ofXi and Xj in P^j, through the first and second projection respectively, coincide. 
Then there is a unique closed subscheme ofP whose inverse image in P; coincides with Xj 
for each i. 

Proof. We have that {P, P} is an fpqc cover, and P,-, = P/ Xp P,. The 
pullbacks pr^ Xj and pr^ X, to Pjj coincide as subschemes of P/y, and this yields 
a canonical isomorphism i/'ypr| Xj ~ pr^ X, . The cocycle condition is automati- 
cally satisfied, because any two morphisms of P,y,t"Schemes that are embedded in 
Pijlt^ automatically coincide. Hence there is an affine morphism X ^ P that pulls 
back to Xj P/ for each i; and this morphism is a closed embedding, because of 
Proposition 12.361 

Uniqueness is clear, because two closed subschemes of P that are isomorphic 
as P-schemes are in fact equal. 4 

4.3.2. The base change theorem. For the next result we are going to need a 
particular case of the base change theorem for quasi-coherent sheaves. 
Suppose that we have a commutative diagram of schemes 

(4.3.1) X Y 

? 1 



and a sheaf of Cy-modules £. Then there exists a natural base change homomor- 
phism of 0(j-modules 

Pf,^{£):cp*ij,i:^^,f*C 

that is defined as follows. First of all, start from the natural adjunction homo- 
morphism C — > f*f*jC (this is the homomorphism that corresponds to idf*c in 
the natural adjunction isomorphism HomY(£,/*(^*>C) — Homx (/*£,/*£))• This 
gives a homomorphism of Cy-modules 

t]*jC — > fj*f*f*jC = (p*^*f*C. 



4.3. DESCENT FOR MORPHISMS OF SCHEMES 



95 



Then fif^^{C) corresponds to this homomorphism under the adjimction isomor- 
phism 

Homy((^*7;*£,f*/*£) ~ Homv()7*£,(^*^*/*£). 

The homomorphism ^f^^{C) has the following useful characterization at the 
level of sections. If V\ is an open subset of V, and s G L{r]^'^V\) = rj.^C{Vi), then 
there is a pullback section (p*s G (p*r]>^C{(p^^Vi). The sections of this form generate 
(j)*r]^£. as an Oy-module. The section 

rse£(/-v^i) = £(rV"M 

can be considered as an element of ^>^f* C{(p^^Vi); and then ^f^^{C) is character- 
ized as the only Oy-linear homomorphism of sheaves such that 

fif,^{L){fs)=rs&^4*L{cp-^Vi) 

for all s as above. 

The base change homomorphism is functorial in C. That is, there are two 
functors (p*rj^. and ^^f* from (QCoh/Y) to (QCoh/JJ), and fif ^p gives a natural 
transformation 

The base change homomorphism also satisfies a compatibility condition. 
Proposition 4.35. Let 




be a commutative diagram of schemes, L a sheaf of Oz-modules. Then the diagram of 
Ou-modules 



(p*r]*g*C 





U*g*C 



commutes. 



Proof. This is immediately proved by taking an open subset Wi of W, a sec- 
tion s e ^*£(Wi) = £(f ~^Wi), and following (p*^*s in the diagram above. ^ 

Since in Proposition 14.351 the homomorphisms and ^^,iXf^g{C) are 

always isomorphism, we get the following corollary. 

Corollary 4.36. In the situation of Proposition \4.35i assume that the base change 
homomorphism fig^tf,{jC.) is an isomorphism. Then figj:^^|,^{JC.) is an isomorphism if and 
only if fif,(p{g*^) is an isomorphism 
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Here is the base change theorem, in the form in which we are going to need it. 
This is completely standard in the noetherian case; the proof reduces to this case 
with reduction techniques that are also standard. 

Proposition 4.37. Suppose that the diagram (I4.3.2I > is cartesian, that rj is proper 
and of finite presentation, and that L is quasi-coherent and of finite presentation, and flat 
over V. For any point v denote by the fiber oft] over v, and by C-o the restriction 
of L to Y-o. 

Ifli^{Yjj, Cv) = Ofor all v ^ V, then tj^C is locally free over V, and the base change 
homomorphism ^f^^{C): (p*rj.t,C —>■ ^*f*C is an isomorphism. 

Proof. If V is noetherian, then the result follows from IIEGAIII-2[ 7.7] (see 
also [HaFTf. Ill 12]). 

In the general case, the base change homomorphism is easily seen to localize in 
the Zariski topology on U; hence we may assume that V is affine. Set V = Spec A. 
According to [EGAIV-31 Proposition 8.9.1, Theoreme 8.10.5 and Theoreme 11.2.6] 
there exists a subring Aq C A that is of finite type over Z, hence noetherian, a 
scheme Yg that is proper over Spec Aq, and a coherent sheaf £q on Yg that is flat 
over Aq, together with an isomorphism of (Y, C) with the puUback of (Yg, £g) to 
Spec A. 

By semicontinuity ( IIEGAIII-2[ Theoreme 7.6.9]), the set of points vq g Spec Aq 
such that the restriction of Cq to the fiber of Yg over vq has nontrivial is closed 
in Spec Aq; obviously, it does not contain the image of Spec A. Denote by Vq the 
open subscheme that is the complement of this closed subset, by Yg and £q the 
restrictions of Yg and £g to Vg. Then Spec A maps into Vq, and (Y, £) is isomorphic 
to the puUback of ( Yg, £q) to Spec A; hence the result follows from Corollary l4.36l 
and from the noetherian case. ^ 

4.3.3. Descent via ample invertible sheaves. Descent for affine morphism 
can be very useful, but is obviously limited in scope. One is more easily interested 
in projective morphisms, rather than in affine ones. Descent works in this case, 
as long as the projective morphisms are equipped with ample invertible sheaves, 
and these also come with descent data. 

Theorem 4.38. Let S be a scheme, be a class of flat proper morphisms of finite 
presentation in (Sch/S) that is local in thefpqc topology (Definition \4.32h Suppose that 
for each object X ^ U of one has given an invertible sheaf on X that is ample 
relative to the morphism X ^ U, and for each cartesian diagram 

X^^Y 

? 1 



an isomorphism p ^ ,p: f*C,j of invertible sheaves on X. These isomorphisms are re- 
quired to satisfy the following condition: whenever we have a cartesian diagram of schemes 

X^^Y^^Z 
? n I 
u >v > w 
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whose columns are in T , then the diagram 



f*C,j )• 

of quasi-coherent sheaves on X commutes. Here a.jr^g{C^) is the canonical isomorphism of 
Then T is a stack in thefpqc topology. 

Another less cumbersome way to state the compatibility condition is using 
the formalism of fibered categories, which will be freely used in the proof: since 
{gf)*jC^ isapullbackof ^*£g to Y, we can consider the pullback/*|D^,^, : {gf)* Ci^ 
f*C,p and then the condition is simply the equality 

Pgf.n = Pf,<i>°f*Ps''p- isfYh — ' 1^1- 

Example 4.39. For any fixed base scheme S and any non-negative integer 
g we can consider the class J-^ c, of proper smooth morphisms, whose geometric 
fibers are connected curves of genus g. These morphisms form a local class in 
(Sch/S). 

If g 7^ 1 then the theorem applies. For g > 2 we can take Cx^u to be the 
relative cotangent sheaf Q^^y, or one of its powers, while for ^ = we can take 
its dual. So !Fg^s is a stack. The stack {J- ^^s) cart (Definition l3.311 is usually denoted 
by A1^,S/ arid plays an important role in algebraic geometry. 

There is no natural ample sheaf on families of curves of genus 1, so this the- 
orem does not apply. In fact, .Fi g, as we have defined it here, is not a stack: this 



follows from the counterexample of Raynaud in [Ray 70 XIII 3.2]. 
See Remark |448] for further discussion. 

Proof of Theorem I4.381 The fact that .F is a prestack in the fpqc topology 
follows from Proposition l4.31l It is also easy to check that is a stack in the Zariski 
topology. 

For each object f : X ^ !J of we define a quasi-coherent finitely presented 

def 

sheaf on LI as = ^*Cx. Given a cartesian square 

/ 




we get a homomorphism of quasi-coherent sheaves 

af^^: (p*M,j = (p*ri^C,^ — > ^*£x = 
by composing the base change homomorphism 

^f,<l>- (p*V*^v — ' ^*f*^v 

with the isomorphism 

^*Pf,(p- i*f* ^t] — ^*£f- 
This homomorphism satisfies the following compatibility condition. 
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Proposition 4.40. Given a cartesian diagram of schemes 

f 




whose columns are in T , the composite 



Cp*Mr, 



equals o'gf,:p,p- 

Proof. Take a section s of A^^^ on some open subset of W, and let us check 

that 

crf^^o(p*crg,f{{xpcj))*s) = crgf^^,^{{ip^)*s) 

(since the sections of the form (gf) *s generate {\p<p)*Mi^ as a sheaf of ©^-modules, 
this is enough). The section s is a section of £^ on some open subset of Z, and we 
have 

(p*(Tg,^{{^p(p)*s) = (p*{r]^pg,^o^g^^){{ip(p)*s) 

hence 

crf,^o(p*(Tg,^{{^P(P)*s) = {^^pf^^o ^f^^)(p*(pg^^{g*s)) 
= Pf,<p{f*Ps,^iS*s)) 

= ^Sf,ipcl>{igf)*s) 

We use once again the criterion of Lemma [4. 25 1 Consider a flat surjective mor- 
phism y ^ LT of affine S-schemes and object rj: Y — > V of ^{V). Notice that, 
given a positive integer N, the isomorphisms pjr^^ : f* Cri C^^ as in the statement 
of the theorem induce isomorphisms pj^'- f*{C^^) ~ . These also satisfy 
the conditions of the theorem: whenever we have a diagram of schemes 




whose columns are in JT, then the diagram 

afJCf^) 



f*g*q 



, {gfycf^ 



4.3. DESCENT FOR MORPHISMS OF SCHEMES 



99 



commutes (this is easily checked by following the action of the arrows on sections 
of the form /*g*s®^, where s is a section of £f over some open subset of W: since 
those generate f*g*jC^^, if the two composites f*g*C^ — > £j agree on them, they 
must be equal). 

By substituting £^ with C®^ for a sufficiently large integer N, we may assume 

that Cfj is very ample on Y, and for any point v &V we have H^(Yi,, £^ ly^,) = 0, 
where is the fiber of Y over v. This will have the consequence that all the base 
change homomorphisms that intervene in the following discussion are isomor- 
phisms. 

The two diagrams 



YxuV^^Y 



and 



pr, 

y x^Y^-^Y 



p^i 



V 



VXuV 



y 



are cartesian; therefore we can take rj x idy : Y X]jV — > yxuy as the pullback 
pr^ f] e T(y Xu V), and analogously, idy x/: yxjjy yxjjyas pr2 tj G 
J^iVxuV). 

Analogously, the pullbacks of / along the three projections V XuV XuV ^ V 

are 

t] X idy X idy : YxuVxuV^VxuVxuV, 

idy X r] X idy : VxuYxuV^VxuVxuV and 

idy X idy X t]: VxuVxuY^VxuVxuV. 

Suppose that we are given an object tj: Y yin^(y) with descent data 
(p: V XuY ~ Yxjjy, that consists of an isomorphism of schemes over V XuV 
satisfying the cocycle condition, that is the commutativity of the diagram 



V XuV XuY 



pr23 (p = idv?x<j 



-^V XuY XuV 



YxuVxuV 

We will use (p to construct descent data for the quasi-coherent sheaf of fiivite pre- 
sentation Mri on y. From the two cartesian diagrams 



pr, 

V xuY-^Y 



and 



Y xuy-^ Y 



idy X r] 



i;xidv 



pr, 

VXuV^-^V 



V xjjy-^y 



we get isomorphisms 

Va-P^a • -^rj ^ A^idyx^ and crpr^,pT^ : pr^ Mr, c:i A^^xid^; 
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and from the cartesian diagram 



VxuY- 

idv X rj 

VxuV = 



= V XuV 



another isomorphism 



.:M 



rj xidy 



Midy 



Xt]- 



With these we define an isomorphism 



= a. 



of quasi-coherent sheaves onV XuV. 

Let us check that ip satisfies the cocycle condition. We will use our customary 
notation pr^ and pr2 to denote the projection onto the first and second factor of 
a product Xi Xy X2, and pi, p2 and for the first, second and third projection 
onto the factors of the triple product Xi x y X2 x y X3 . (Previously we have also 
denoted these by pr^, pr2 and prj, but here the risk of confusion seems more real.) 

Consider the cartesian diagram 



V xuYxjiV 



idyxtjxidv 



V XuV Xj,V 




according to Proposition 14.401 we have that £^^2,^2 '■ Vi-^n 
composite 



Midyx^xidv is the 



*KA P'^12V2'P''2 * '^Pri2-P>'12 

> V^ll^idvXtJ > MidyX^xidy 



SO we have the equality 



M 



idy xj/xidy 



In a completely analogous fashion we get the equalities 

* _ -1 

pri2 '^pri,prj — Cprj2,pri2 ° '^PliVl' 



pr23 crprj,prj — '^pr23,pr23 ° ^V2,V2' 



PJ"23 '^PH'PH ~ '^pr23'P''23 ° '^Vi'Vi' 



and 



pri3 Crpr2,pr2 — '^prjg^prig ° '''p3,P3- 
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We need to prove the equality pr^j ^ o pT^23 ^ ~ P^13 ^' using definition of ip and 
the identities above, and doing some simphfications, the reader can check that this 
equality is equivalent to the equality 



that we are going to prove as follows. 
From the cartesian diagram 



Vh2 



V X, lY XijV 



idyxiyxidi/ 



x,jY- 



V XuV XuV 



Vh2 



idy X rj 



U 



^VxuV 



= VxuV 



we get the equality 
from the other cartesian diagram 



* -1 -1 _ -1 

Pl"l2 C^^) ° '^Vhl'Vhl ~ '^<P°Ph2'Ph2' 



<P°P12 



V XuY x,jV' 



■Y XuV XuV ■ 



P^12 



idvx;/xidy 



1/ X idy X idy 



V XuV XuV 



U 



VxuV XuV- 



Ph2 



^YxuV 

tj x-idy 
-^V XuV 



we obtain that 



<pxidv,idvy.uVxiiV P^*l2'P'^'^Vx^Vy.^v' 

With analogous arguments we get the equalities 



^PI'23'P% ° '^<;)opr23,pr23 V23 <PMvx^JVx^JV 



and 



'^P>-l3'Pri3 ° '^<popr,„pr,3 - ^p- 



l^<p,idvx^Vy.^v' 



from which we see that the cocycle condition for ip is equivalent to the equality 

^pr*^^p,idvx|JVx^v ° '^pr^z '/"'i'^VxyVxyi' = "^pr^j |/'4dyx^l/x^v• 
But this follows immediately, once again thanks to Proposition 14.401 from the co- 
cycle condition on (p. 

So (Aififip) is a quasi-coherent sheaf with descent data, hence it will come 
from some quasi-coherent sheaf of finite presentation j\A on U. 

Now let us go back to the general case. Given an arrow f : X ^ U in JF, we 
have an adjunction homomorphism 

that is characterized at the level of sections by the equality t^{^*s) = s for any 
section s of £^ over the inverse image of an open subset of Lf. 
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Proposition 4.41. Given a cartesian square 

f 




the two composites 



and 



coincide. 



Pf.f 



Proof. Let s be a section of ,j over an open subset of V, that is, a section of 
jCij over the inverse image in Y of an open subset of V. Then both composites are 
characterized by the property of sending {<p^)*s = {r]f)*s to pf^^{f*s). 4 

In the situation of the Proposition above, assume that £^ is very ample on Y 
relative to t], and that the base change homomorphism j6yr^ : ^*t]^£fj ^^f*£,j is 
an isomorphism. Then o'f^cj,' <p*Mr] TW;^ is an isomorphism, and this induces 
an isomorphism 

UxvF{M,,) =F{4>*M,,) -F{M^) 
of schemes over U, hence a cartesian square 



U 



V 



Also, since and £fj are very ample, the base change homomorphisms t^-: f * AI,^ - 

and T,j: t]*A4fj £,j are surjective, and the corresponding morphisms of 
schemes X P(A1g) and Y P(A^,j) are closed embeddings. Proposition |4j4l] 
implies that the diagram 

>P(Xf) >U 



V 



>F{Mr,)- 

commutes, and is cartesian. 

Going back to our covering V — > LI, we have that the two diagrams 



VxuY^ 




-^P(-Mid^x,,) 



-^VxuV 
> V 
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and 



YxuV^ 

/C 



-^P(Xnxidv 



are cartesian; these, together with the diagram 



VxuY^ 



> V 



y XyVC ^V{M,, Xidy) >V XuV 

and the definition of ^, show that the two inverse images of Y C P(A^,^) in 
P(pr^ Mrj) and in P(pr| M.ri) coincide. On the other hand, the quasi-coherent 
sheaf with descent data ( ,^ , ) is isomorphic to the pullback of the quasi-coherent 
sheaf M.. li f: V ^ U is the given morphism, F : V XnV ^ U the compos- 
ite with the projections V XijV — > V, this imphes that the two pullbacks of 
y C W{J\A,j) ~ P(/*A1) coincide. This imphes that there is a unique closed 
subscheme X C P(A4) that pulls back to y C P(A4^); and, since is a local class 
in the fpqc topology, the morphism X — Li is in JF. The scheme with descent data 
associated with X ^ LT is precisely (y Vt<p)i arid this completes the proof of 
TheoremiSHl ^ 

4.4. Descent along torsors 

One of the most interesting examples of descent is descent for quasi-coherent 
sheaves along fpqc torsors. This can be considered as a vast generalization of the 
well know equivalence between the category of real vector spaces and the cat- 
egory of complex vector spaces with an anti-linear involution. Torsors are gen- 
eralizations of principal fiber bundles in topology; and 1 always find it striking 
that among the simplest examples of torsors are Galois field extensions (see Ex- 
ample |135ll. 

Here we only introduce the bare minimum of material that allows us to state 
and prove the main theorem. For a fuller treatment, see ID G70J . 

In this section we will work with a subcanonical site C with fibered products, 
and a group object G in C. We will assume that C has a terminal object pt. 

The examples that we have in mind are C = (Top), endowed with the global 
classical topology, where G is any topological group, and C = (Sch/S), with the 
fpqc topology, where G ^ S is a group scheme. 

4.4.1. Torsors. Torsors are what in other fields of mathematics are called prin- 
cipal bundles. Suppose that we have an object X of C, with a left action a: G x X — > 
X of G. An arrow / : X — y is called invariant if for each object JJ of C the in- 
duced function X(!J) — > y(JJ) is invariant with respect to the action of G{U) on 
X(Lr). Another way of saying this is that the composites of / : X — > y with the two 
arrows a and prj from G x X to X are equal (the equivalence with the definition 
above follows from Yoneda's lemma). 

Yet another equivalent definition is that the arrow / is G-equivariant, when Y 
is given the trivial G-action pr2 : G x Y ^ Y. 
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If 71 : X — > y is an invariant arrow and f : Y' Y is an arrow, there is an 
induced action of G on Y' x y X; this is the unique action that makes the first pro- 
jection pr J : Y' X y X ^ Y' invariant, and the second projection prj : Y' x y X ^ X 
G-equivariant. In functorial terms, if Lf is an object of C, ^ G G(!J), x G X(!J) 
and y' G are elements with the same image in Yill), we have g ■ {y',x) = 

The first example of a torsor is the trivial torsor. For each object Y of C, consider 
the product G x Y. This has an action of G, defined by the obvious formula 

g-{h,y) = {gh,y) 

for all objects LI of C, all g and h in G(!J) and all y in Y(!J). 

More generally, a trivial torsor consists of an object X of C with a left action of 
G, together with an invariant arrow / : X — > Y, such that there is a G-equivariant 
isomorphism ^: G x Y 2i X making the diagram 

G xY— >X 

commute. (The isomorphism itself is not part of the data, only its existence is 
required.) 

A G-torsor is an object X of C with an action of G and an invariant arrow 
TT : X ^ Y that locally on Y is a trivial torsor. Here is the precise definition. 

Definition 4.42. A G-torsor in C consists of an object X of C with an action of 
G and an invariant arrow n: X ^ Y, such that there exists a covering { Y, ^ Y} of 
Y with the property that for each i the arrow pr^ : Y, x y X ^ Y, is a trivial torsor. 

Here is an important characterization of torsors. Notice that every time we 
have an action a : G x X ^ X of G on an object X and an invariant arrow / : X ^ 
Y, we get an arrow Sk'. GxX — > XxyX, defined as a natural transformation 
by the formula {g,x) ^ is^'^) for any object U of C and any g G G{U) and 
X e X{U). 

Proposition 4.43. Let X be an object ofC with an action ofG. An invariant arrow 
71 : X ^ Y isa G-torsor if and only if 

(i) There exists a covering {Y, Y} such that every arrow Y,- Y factors through 
n: X ^ Y, and 

(ii) the arrow 6^: G x X ^ X Xy X is an isomorphism. 

Notice that part iQl says that X — > Y is a covering in the saturation of the 
topology of C (Definition IZHSl. 

Proof. Assume that the two conditions are satisfied. The arrow is imme- 
diately checked to be G-equivariant; hence the pullback XxyX^ Xof/r through 
the covering tt : X ^ Y is a trivial torsor, and therefore tt : X — Y is a G-torsor. 

Conversely, take a torsor tt : X ^ Y. First of all, assume that tt : X ^ Y is a 
trivial torsor, and fix a G-equivariant isomorphism ^ : G x Y 2; X over Y. There 
is a section Y X of tt: X Y, so condition ^ is satisfied for the covering 
{Y = Y}. 
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To verify condition notice that Sa can be written as the composite of iso- 
morphisms 

G X X ^ ^ ) G X G X Y ~ (G X Y) xy (G X y) ^-^ XxyX, 

where the isomorphism is in the middle is defined as a natural transformation by 
the rule {g,h,y) ^ {{g^y)/ {^>y)) for any object U oiC and any g,h E G{U) and 
yeY{U). 

In the general case, when tt : X ^ Y is not necessarily trivial, the result follows 
from the previous case and the following lemma. 

Lemma 4.44. Let Che a subcanonical site, 

X > Y 



a commutative diagram in C. Suppose that there is a covering {S, S} such that the 
induced arrows 

ids, X /: S,- XgX — > Si Xg Y 
are isomorphisms. Then f is also an isomorphism. 

Proof. The site (C/S) is subcanonical (Proposition |2]59): this means that we 
can substitute (C/S) for C, and suppose that S is a terminal object of C. 

By Yoneda's lemma, it is enough to show that for any object JJ of C the function 
fu : X{U) y{U) induced by / is a bijection. First of all, assume that the arrow 
U ^ S factors through some S/. By h5^othesis idg. x / : S; x X ^ S, x Y is an 
isomorphism, hence idg.jy) x : S,(LJ) x X(U) Si{U) x Y(fJ) is a bijection. If 
Si (U) 7^ it follows that fu is a bijection. 

For the general case we use the hypothesis that C is subcanonical. If U is 

arbitrary, and we set Ui = Si X U, then {Lf,- ^ U} is a covering. Hence we have a 
diagram of sets 



fu 



n,fu, 



y{u) — > n,x(Lio ^ n,jY{Uij) 

in which the rows are equalizers, because C is subcanonical. On the other hand 
each arrow Li,- S and Li/y S factors through S/, so /(j. and fu^j are bijections. 
It follows that fu is a bijection, as required. ^ 



Consider the arrow S^: GxX — > XxyX, and choose a covering {Y,- Y} 

def 

such that for each i the pullbacks X, = Y, x y X are trivial as torsors over Y,. Denote 
by a, : G x X; ^ Xj the induced action; then S^i : G x X, ^ X, x y. X, is an isomor- 
phism. On the other hand there are standard isomorphisms (G x X) xy Y, 
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G X Xj and (X x y X) x y — X; x y, X/, and the diagram 

(G X X) XyY, U (X Xy X) Xy Y; 



G X Xi '■ > Xi X y, Xi 

commutes. Hence Sa x idy. is an isomorphism for all i, and it follows that S (x IS an 
isomorphism. ^ 

Example 4.45. Let K C Lhe a finite Galois extensions, with Galois group G. 
Denote by G^ the discrete group scheme G x Spec K Spec K associated with G, 
as in m.2.2\ The action of G on L defines an action a : Gk x gpg^ Spec L = G x 
Spec L ^ Spec L of G^ on Spec L (Proposition 12.221 1, which leaves the morphism 
Spec L — !■ Spec K invariant. (For convenience we will write the action of G on L on 
the right, so that the resulting action of G on Spec L is naturally written as a left 
action.) 

By the primitive element theorem, L is generated as an extension of K by 
a unique element u; denote by / G K[x] its minimal polynomial. Then L = 
K[x]/ (/(x)). The group G acts on the roots of / simply transitively, so f{x) = 
Ylgecix-ug) EL[x]. 

The morphism 

(5(1 : Gk X Spec L — > Spec L Xspg^ic Spec L = Spec(L L) 
corresponds to the homomorphism of X-algebras L L ^ defined as 

a(E)b^ ((«^)^)gGG' 

where by L*^ we mean the product of copies of L indexed by G. We have an iso- 
morphism 

L®KL = K[x]/{Yl{x-ug)) ®K'L-l[x]/{Yl{x-ug)); 

geG g€G 

by the Chinese remainder theorem, the projection 

L[x]/(n - ug)) n ^M/(^ - ^ 

gGG geG 

is an isomorphism. Thus we get an isomorphism L (g)j^ L ~ L^, that is easily seen to 
coincide with the homomorphism corresponding to Sa ■ Thus is an isomorphism; 
and since Spec L Spec K is etale, this shows that Spec L is G^-torsor over Spec K. 

Here is our main result. 

Theorem 4.46. Let X ^ Y he a G-torsor, and T ^ C a stack. Then there exists 
a canonical equivalence of categories between J-{Y) and the category of G-equivariant 
objects J^'^iX) defined in 

Proof. Because of Proposition 14.161 we have an equivalence of J-{Y) with 
JF(X — > y), so it is enough to produce an equivalence between J-(X — > Y) and 
T^{X). 

For this we need the isomorphism Sa'- GxX ~ XxyX defined above, and 
also the one defined in the next Lemma. 



4.4. DESCENT ALONG TORSORS 
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Lemma 4.47. IfX^Yisa G-torsor, the arrow 

S'^:GxGxX — ^XxyXxyX 
defined infunctorial terms by the rule 

^'aiS'^'^) ~ ighx,hx,x) 

is an isomorphism. 

Once again, one reduces to the case of a trivial torsor using Lemma 14.441 We 
leave the proof of this case to the reader. 

Since the category J-{X — > Y) does not depend on the choice of the fibered 
products X X y X and X x y X x y X, we can make the choice XxyX = GxX and 
XxyXxyX^GxGxX, in such a way that and .5^ become the identity. Then 
we have 

pr^ = a : G x X ^ X, 
pr-^3 = mg x idx :GxGxX^GxX, 
pr23 = idc xa:GxGxX^GxX, 

while pr23 = XxyXxyX^XxYX coincides with the projection G x G x X — > 
G X X on the second and third factor. 

Then an object {p,<p) of !F{X — > Y) is an object p of J'{X), together with an 
isomorphism (p: pr| p ~ oc*p satisfying the cocycle condition: and the cocycle 
condition is precisely the condition for (p to define a G-equivariant structure on 
p, according to Proposition 13.491 Hence the category J-{X Y) is canonically 
isomorphic to JF'^(X) (for this we need to check what happens to arrows, but this 
is easy and left to the reader), and this concludes the proof of the theorem. ^ 

4.4.2. Failure of descent for morphisms of schemes. Now we construct an 
example to show how descent can fail for proper smooth morphisms of proper 
schemes of finite type over a field. 

The starting point is a variant on Hironaka's famous example of a nonpro- 
jective threefold (I Hirelll , IIMFK94I Chapter 3, § 3]), [Har77, Appendix B, Exam- 
ple 3.4.1]); this has been already been used to give examples of a smooth three- 
dimensional algebraic space over a field that is not a scheme ( LKnu71. p. 14]). 

Fix an algebraically closed field k. Then one constructs a smooth proper con- 
nected three dimensional scheme M over k, with an action of a cyclic group of 
order two C2 = {1, cr}, containing two copies Li of L2 of that are interchanged 
by <J, with the property that the 1-cycle + L2 is algebraically equivalent to 0. 
This implies that there is no open affine subscheme U of M that intersects and 
L2 simultaneously: if not, the complement S of LI would be a surface in M that 
intersects both L\ and L2 in a finite number of points. But since S ■ {L\+ L2) = 
this finite number of points would have to be zero, and this would mean that Lj 
and L2 are entirely contained in LI. This is impossible, because 11 is affine. 

Now take a C2-torsor V ^ LI (a Galois etale cover with group C2) with V 
irreducible, and set Y = M ■ The projection n: Y ^ V is smooth and proper. 
We need descent data for the covering V ^ U; these are given by the diagonal 
action of C2 on Y, obtained from the two actions on M and V . More precisely, the 
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action C2 x Y — > Y gives a cartesian diagram 

C2 X Y > Y 



C2 X V > V 

yielding an isomorphism of C2 x Y with the puUback of Y ^ V to C2 x 1/, and 
defines an object with descent data on the covering V ^ V (keeping in mind that 
V x^V = C2 X V, since V ^ Uisa C2-torsor). 

I claim that these descent data are not effective. Suppose that it is not so: then 
there is a cartesian diagram of schemes 

Y— 

n 

V >u 

such that / is invariant under the action of C2 on Y. Take an open affine subscheme 
W C X that intersects /(Li x V) = /(L2 x V); then its inverse image f^^W C Y 
is affine, and if p is a generic closed point of V the intersection 7T"^p H f^^W C M 
is an affine open subscheme of M that intersects both Li and L2. As we have seen, 
this is impossible. 

Another counterexample, already mentioned in Example 14.391 is in |Ray70 
Xm 3.2]. 

Remark 4.48. There is an extension of the theory of schemes, the theory of 
algebraic spaces, due to Michael Artin (see IArt71L IIArt73l and IKnu71ll ). An alge- 
braic space over a scheme S is an etale sheaf (Sch/ S)°P (Set), that is, in some 
sense, etale locally a scheme. The category of algebraic stacks contains the category 
of schemes over S with quasi-compact diagonal; furthermore, by a remarkable re- 
sult of Artin, it is a stack in the fppf topology (it is probably also a stack in the fpqc 
topology, but I do not know this for sure: however, for most applications fppf de- 
scent is what is needed). Also, most of the concepts and techniques that apply to 
schemes extend to algebraic spaces. This is obvious for properties of schemes, and 
morphisms of schemes, such us being Cohen-Macaulay smooth, or flat, that are 
local in the etale topology (on the domain). Global properties, such as properness, 
require more work. 

So, in many contexts, when some descent data in the fppf topology fail to 
define a scheme, an algebraic space appears as a result. Also, algebraic spaces can 
be used to define stacks in situations when descent for schemes fails. For example, 
if we redefine that stack J^i g of Example l4.39l so that the objects are proper smooth 
morphisms X ^ Lf whose fibers are curves of genus 1, where Lf is an S-scheme 
and X is an algebraic space, then .Fi g is a stack in the fppf topology. 
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